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25. Numerical Interpolation, Differentiation, and Integration

Numerical analysts have a tendency to ac-
cumulate a multiplicity of tools each designed for
highly specialized operations and each requiring
special knowledge to use properly. From the
vast stock of formulas available we have culled
the present selection. We hope that it will be
useful. As with all such compendia, the reader
may miss his favorites and find others whose
utility he thinks is marginal.

We would have liked to give examples to
illuminate the formulas, but this has not been
feasible. Numerical analysis is partially a science
and partially an art, and short of writing a text-
book on the subject it has been impossible to
indicate where and under what circumstances the
various formulas are useful or accurate, or to
elucidate the numerical difficulties to which one
might be led by uncritical use. The formulas are
therefore issued together with a caveat against
their blind application.

Formulas

Notation: Abscissas: : functions:

f; g) S values: f(zt) ({bf (2()—j I/f f(a)

indicate 1°, 29, . erivatives. abscissas
are equally spaced Zopi—2=h and f, (ﬁ(xo-i-ph)

(p not necessarily integral). R, R cate re-
mainders.

25.1. Differences

Forward Differences
25.1.1

A(_fn)=An=A:=fn+l—fn
—A,’,=f,‘+,——-2f,,“+f,
A An+l_Av2|=fu+3_3j’l+2+3fn+l_fn

A£=A:+l

k
si=zt-am =23 (—0/(%) furnes

Central Differences
25.1.2

(futd) =bnti=0hsi=Sus1— S
=0 4=fat1— 2+ a1
6:+§=6=+1_6:=fn+2_3fu+l+3fl_f-—l

5"=% (—'1)’(2‘7?))&“—/
=23 0% S

8fa=Afm—p if n and k are of same parity.

Porward Differences Central Differences

z fo z_, fa
4, LY
n fi A3  fo 8
4 A3 8 &
% fi A} Z fx L1
A, 833
r J n f

Mean Differences

25.1.3 "Un)=§(f.+‘+j._')
mﬂded Differences
25.14 [%’z']=£::z:=[1‘n%]
[zwzl:zﬂ]=[&%___-—[xtl’—zl]

[%’xly . -,zg]=l[z°’ L "zk'l]—[zl, . -,z.]

To—Zx
Divided Differences in Terms of Functional Values

25.1.5 al=3 ;%5

[zo,zl; .
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25.1.6 where m,(2)=(z—2) (z—x) . .. (x—2z,)
and =,(x) is its derivative:
25.1.7
@) =@T:—20) . . . (Tx—Zr-1) (Ta—Ta41)
PP (Zg—z”)

Let D be a simply connected domain with a
piecewise smooth boundary C and contain the
points 2y, . . ., 2, in its interior. Let f(2) be
analytic in D and continuous in D+C. Then,

1 f(@ dz

25.1.8 [z,21, .. .,24]
1=l 2 Jo B
H —_—
t-o(z 2)

25.1.9 A3=h*f™ () (o<t <)

25.1.10
a3 _f"®)

nhr al

(2o<t<0)

[zO;xh .. .,Z,.]—

25.1.11

63 L

[:t_,.,z—wl, RTE.” T x"] h”'(2n)!

Reciprocal Differences
25.1.12

_x‘

(o, 1) =_zf:_fl

To— L2
P(zo» zl)' —p(x,

Pz(l'o,zuxz)= %) +fl

To— T3
p2(Zo, 21, 22) — p2(21, 22,

Pz(xnylyx?’zl)= z)+P(zhz2)
. 3.

To—Tn
Tu-1)— Pa=1(T1, - - -, )

+p1|—2(xl) .. -yzl—l)

25.2. Interpolation

Tyy o o oy Ty)=
Pa(xO; 1y ’ n) Pn—l(zO; .,

Lagrange Interpolation Formulas

25.2.1 j(z)=§ l{(z)f('*'Ru(x)

25.2.2

l‘(z) — LED (z)

(—z)ma(zy)

(T ) (@240
(@) (T—244a)

. (z'_ Z,.)
. (221— zn)

_ _(z—2) .
(2— ) .
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Remainder in Lagrange Interpolation Formula

25.2.3
R,.(.’L‘)=‘l’.($) '[xOrzh .. 'yzmz]
n+41
=xu(2) °f(n +§€)), (7<lt<zw)
25.2.4
|R,.(z)1<(’(~T:*l’))—, max /@)
25.2.5

r,.(z) J@®)
Ru(Z)— f (t—2)(t—2zy) ... (t—2,) at

The conditions of 25.1.8 are assumed here.
Lagrange Interpolation, Equally Spaced Abscissas

n Point Formula

25.2.6  f(x+ph) =$ A} D) fit B

For n even, (—-;— n—2)<k< %n)-

For n odd, (-—% n—1)<k< % (n—l))-
25.2.7
Ap(p) =y 1 (p+in—1)
(T+Ic)!(§n—k)!(p—k)
7T even.
— (=D +%
Ak(P) ( 1,):__1
(——-+k (T—")‘ (p—Fk)
s—1
:-o( +—-—— ) n odd.
25.2.8
Bui= 3 I (0= DR ™
zmn (p—k)As (<8< 20)
k

k has the same range as in 25.2.6.

Lagrange Two Point Interpolation Formula
(Linear Interpolation)

J(xo+ph)=(1—p)fot+pfi+ R,
Ri(p) = .125R*®(§) =.1254°

25.2.9
25.2.10
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Lagrange Three Point Interpolation Formula
25.2.11
f(ao+ph)=A_1f 1+ Acfot+ A1 fi+Ra

~2EN g -t BB,

25.2.12

Ri(p) (pI<D)

Lagrange Four Point Interpolation Formula
25.2.13

f@ot+ph)=A_f 1+ Acfot+ A fi+Asfa+ R,y
P (p—;) (=2 +(p’—1)2 (r=2) 4.

~.065K3f® (§) ~.065A%

__p(p+1; (p—2) f‘+p(p’6—l) f

25.2.14 By(p) ~
024R4® (§) =.0244¢  (0<p<1)
D42RY4 () =.0424*  (—1<p<0, 1<p<2)

(7, <t<m)

Lagrange Five Point Interpolation Formula
25.2.15

Sk o =32 Afc+Ry
24 -2 6 -1

1 (P-1) (P’—4)f (Z’+1)P(P'—4)f
T+ y 0
J_(P' l)P(P+2)f

25.2.16 Rip) =
O12R5®(8) ~.0124°  (|p|<1)
O3LAY®(8) =~.03188  (1<|p|<2) (@_a<<t<la)

Lagrange Six Point Interpolation Formula
25.2.17

fautph)= 35 A4S+ Ry

1) (p—2)(p—3)
120 -2

r(p—1)(p*—4)(p—3)
+ 24 far

PP —

_@P=)@*—49)(»—3) f
12 0

L2(p+1D) (p*—4) (p—3) § p(p*—1) (p+2)(p—3) /.
v 12 ! 24 2

PP =D (P4
+ 120 S
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25.2.18
004945 ®(g)
00718 ©(¢)
024K5® (8)

Ry(p) =
(0<2<1)
(=1<p<0, 1<p<2)
(—2<p<—1, 2<p<3)
(@-2<t<y)
Lagrange Seven Point Interpolation Formula

=.0049A°
=.0071A°
= .024A°

5219 ftsh=3 AftBs
25.2.20
0025R7f™ (£) £.002547  (|pI<1)
Ro(p) =< .0046h77 (¢) ~.0046A7  (1<|p|<2)
019R7fD () ~ 01947 2<Ipl<3)
(x-a<E<3)

Lagrange Eight Point Interpolation Formula

5221 fath)=3 Af+R:
25.2.22
[ 0011A%7® (§) =~.0011A°  (0<p<1)
o - (—1<p<0)
.0014A%f® (£) ~.0014A° 1< p<2)
B:(2) = (—2<p<—1)
0033RF® (£) ~.00338° () o 2o
- (—3<p<—2)
| OL6RFO @) ~.01680 o 5 ES
(2-s<8<2)
v Aitken’s Iteration Method
Let f(z|zo, %, . . .,:) denote the unique poly-

nomial of &* degree which coincides in value with
f(@) atz,, . . ., T

25.2.23
e
f(zlxo,zz)=x2ixo ;: i
e =gl s
St e a
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Taylor Expansion
25.2.24
f@=Fot @20 fit S gy
+% SM+R,

25.2.25 R,= f * porn (g (”—;!‘)- dt

(z—xo) (8+1)
Newton’s Divided Difference Interpolation Formula

%'2.26

(2<¢<2)

S@~fot 2 71t [0, - 2]+ B
n f
[xO;xl]
% [%o, %1, %3]
[x1, 2] (X0, %1, %2, %3]
©n f (21, 22, 25)
[22, 2]
T3 fa
25.2.27
(n+1)
Ru@)=r(@) (30, . . 2w al=r(@) T
(T<t<0)

(For =, see 25.1.6.)

Newton’s Forward Difference Formula
25.2.28

fart i =forpact(8)as+ ... +(2)as+ R,

25.2.29

R”=hn+l( )f(n+l)(£) z( +1)A3“

(w<lt<s)
Relation Between Newton and Lagrange Coeflicients
25.2.30

(12’)=A’_1(p) (§)=—A‘_n(p) (i’)=A§(1—p)
(&)-ac-»
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Everett’s Formula

25.2.31
f(zo+ph)=(1—p)fo+pfx—w %
(p+1)p(p—1) _(p+n—1\ .
+ Mn+1 )"

P+n
+ n+1

=Q1—p) fo+pfi+E.:53+ F8:+E8
+Fét ...

6¥R+R2n

+R2n

25.2.32

Ro,=h"+ P+n ) fonta ()
p+n [A’_':,t";—I—A""‘“]
2/n+2

Relation Between Everett and Lagrange Coefficients

25.2.33

(13_,.<£<$,,+1)

E;=A, E=A%, E=42,
Fy=A} F =43 F=A4;
Everett’s Formula With Throwback
(Modified Central Difference)
25.2.34
J@o+ph)=(1—Dp) fot pfi+Esdpot+Frdn+RB
25.2.35 82, =52—.1845*
25.2.36 R ~.00045|u8})+.00061|53|
25.2.37
J@o+ph)=(1—p) fot+ pfi+Ed3+ Fad}
+Edn ot Fon+RB
25.2.38 oh=06'—.2078%4 . ..
25.2.39  R'~.000032|us|4-.000052|8]|
25.2.40

f@o+ph)= 1 —p)fo+pfi+ E. 83+ F20}
+E@+ Fidt+Eobn, o+ Fodpn 1+ R

25.2.41  §8,=0—.21838+.0495°+ . . .
25.2.42 R ~:0000037 ||+ . .
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Simultaneous Throwback
25.2.43

f(o+ph)=(1—D)fotpfi+ Esdpno+Fabnen
+E8, o+ Fidh1+R

25.2.44 .013125%4-.00435°—.0015"

25.2.45

25.2.46

8=5—
8L =8t— 2782755+ .06855°—
R ~ 000000835} +.00000945"

Bessel’s Formula With Throwback
25'2.47

f(zo+ph)=(1—p)fot+2f 1+ B, (8%, 0+8m.1)
—1 —1 _
+B,8+R, BF__p(zo4 ), B2 é (—¥H

0168

2502-48 82 =52— .18454
25.2.49 R= 00045[;48*[-{— 00087|8 |
Thiele’s Interpolation Formula
25.2050
J@)=f(z)+
T

p(a,2)+2—2
p2(Z1, %3, %) —f (21) +2T—23

Ps(zhzz,%,%) )

—-P(xlyzZ)""'- ..
(For reciprocal differences, p, see 25.1.12.)

Trigonometric Interpolation

Gauss’ Formula

25.2.51 f@ as?:‘”(‘; Sisr(@)=1(2)
25.2.52
sin 3 (z—x) . . . sin 3 (z—x—;)
(%) sin 3(z—2) . . . sin }(:c,,—xk_:)
sin H{(z—241) - . . sin Hz—as,)
sin $(2—2p+1) . . . 8in $(T—220)

t.(z) is a trigonometric polynomial of degree n

such that ¢,(z) =f; (k=0,1, .. .,2n)
Harmonic Analysis
Equally spaced abscissas
%=0, Xy, .. .,z,,...l,:t,,.=2r

25.2.53

J(@) =5 do+2 (ax cos kz-+ b, sin kz)

25.2.54 m=2n+1

Q= 2n+1 zfrWSer, k 2 +1 Zf,smk:r,,

(k=0,1,...,m)
25.2.55 m=2n
1 2r—1 1 2n1 .
Z_‘, fr cos kx,; b"=1-z z% fr sin k2,
¥
k=0,1,...,n) (k=0,1,...n—1)
b, is arbitrary.
Subtabulation

Let f(z) be tabulated initially in intervals of
width A. It is desired to subtabulate f(z) in
intervals of width A/m. Let A and A designate
differences with respect to the original and the

final intervals respectively. Thus Ay=f (a:o+£;-)

—f(x,). Assuming that the original 5* order
differences are zero,

25. 2.56

6m? 4

(1 m)(1—2m)(1—3m)
24m?*

At

AS

—m)(7—11m) .,

¢
A+ 12t 45

- 1 1—
e

s, 3(1—m)
md=° ' 2mt

& s

- 1
A3=-m—4A$
From this information we may construct the final
tabulation by addition. For m=10,
25.2.57
Bo=.14g—.045A3+.0285A3— .02066A%
A3=.01A3—.00943+.007725A%
A3=.001A3—.00135A%
A4=.0001A%

Linear Inverse Interpolation
Find p, given f,(=f(z+h)).

Linear

25.2.58 pz{,: _J}:
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Quadratic Inverse Interpolation
2 5 L 2 14 59

(i—=2fo+f-) P+ (h—f-Dp+2(fo—f,) =0
Inverse Interpolation by Reversion of Series

25.2.60 Given f(zo--ph)= f,=§ w7t

25.2.61
p=AteN+eN+ . . ., A=(f,—a0)/a;

2502.62

Ca="—0sft

e

_ =, 510y _5a3

o= @ + ai a;

—as , 6as0, | 305 21aia, 14az
Cs T 1 +

a a ' af a}
Inversion of Newton’s Forward Difference Formula

25.2.63

A} A3 1183
a2 3 g tog T
_&

6

4

A
W=z
(Used in conjunction with 25.2.62.)

Inversion of Everett’s Formula

av=fo

25.2.64

g8 % 8
®M=0%—3T 62030
5% &

T2 2
—8+8_s+ot
6 24

a4=%+ .

_—ottat
%="gp T -

(Used in coﬁjunction with 25.2.62.)

Bivariate Interpolation

Three Point Formula (Linear)
25.2.65

J@ot+ph, Yo+ g) =1 —p—q) fo.0
+Pf1,o+lfo,1+0(h2)

Four Point Formula

25.2.“

S (@b, Yo+ gy =(1—p) A — @ fo,o+2(1— D fr.0
+Q(1_p)fo,1+1’9f1,1+0(h2)

Six Point Formula

25.2.67

f(xo+ph,yo+qk)=q—(—q2ﬂ2fo.-l+p(—p;—l) J-r0
+1+p0—7*—¢) o0
4220t D) 5
+24=2240) 1, oo +O)

25.3. Differentiation

Lagrange’s Formu]a
25.3.1 f (@) =ki_o 1(@)fi+Ba(@)

(See 25.2.1.)

, Tﬂ(z)
25.3.2 I (2) 2 (z—-zx) (x—2;) 7o (2)
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25.3.3
@=L @@+ 2, 20

E=£(2) (20<t<2)
Equally Spaced Abscissas

Three Points
25.3.4

fo=1' Gt pb)
=L (=D~ 2pfot (pHDA}+BS

Four Points
25.3.5
, 1{ _3p*—6p+2
fi=1 @t phy=p{ ~L =21
3p*—4p—1. 3p’—2p—2
Five Points
25.3.6
2p°—3 1
o=t @k piy=p { B2
4p*—3p*—8p+4 .  2p°—5
P pﬁ p+ foat 2 2y

4p*+43p*—8p—4
h

6
3
R ) B

For numerical values of differentiation coeffi-
cients see Table 25.2.

Markoff’s Formulas
(Newton’s Forward Difference Formula Differentiated)

25.3.7

# ot pi=p| a2t a3
gty @)
25.3.8
Rumiyorn@ L (2 Y (2, )57 @®
(@<t<an)
2539  Mi=A—g Atz A7 ALt .

883

25.3.10 AP =A3— A.,+12Ao 5 st
25.3.11

R

g At ...

25.3.12
44£(4) ___ A4 -3 17 ] 7 7
hAfE0 =A5—2A3+ EAo—ﬁAo‘l" .
25.3.13
& as_0 pet 20 47385
P =A3 2A3+ 6 A 6 A ..

Everett’s Formula

25.3.14
W (o) m—orkfom BBt g
5p*—20p°+15p +10p—- 5 +5p —15p°+4
120 120
(Gl L [CA] Ly
25.3.15

, 1 1 1
hfs=—foth—3 %3 845 % +— &t

Differences in Terms of Derivatives

25.3.16
~hf0+2' féﬁ)_*_ ' 63)_*_ ' f(‘)+ 'f(B)

25.3.17
1
B~ RHDHBFP 4T RO+ B
3 5

25.3.18 A3 = B3P +5 RAfH +3 f®
25.3.19 AL =R 425 P
25.3.20 AS= RS

Partial Derivatives
25.3.21

— -—

bggo_—'%h (fr.o—f-1.00+OR)



884
25.3.22

25.3.23

Ofo.0_
oz
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& (i aatfo i1, -)+O()

aaf;;o =5 (fr.o—2fo.0+f-1.0) + O}

25.3.24

%00

1
2 —1ap (THuot 1803000

25.3.25

oo
or? .?Ji,2

+16f_1,0—f-2,0)+ O

(fl 1= 2f0 l+f—l 1+fl 0—2f0 0+f—10
+/1.-1—2f0. -1+ f-1, 1) +OR)

25.3.26

g{ao,; yye] (fii—f1.-1—f-1.1Ff -1, ) +OR?)

25.3.27

g{_g; o8 (Frot+S-1.0F fo1+fo. -1
—2fs,0—fr1—F-1,-)+O0(H)

25.3.28

Bos_ L (1, tfstfn.0—4S -0 F -0+ O

25.3.29

baxzfg',l/o’ TR (fratSf-ritfi, 1t S

_2f1.o—2f—1.o—2fo. 1“2fo. —1+4fo.o) +0(hz)
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Laplacian

25.3.30

02 %
V=5 215 oo

=h—2 (ty,0+%o, 1% 1,0+, -1—4%.o)+0(h2)

25.3.31

1
V2o, 0= 124 [— 60uo.o+16(u1,o+uo,1+’u-1.o+’wo. -1

— (Ug, 0+ %o, 2+ U_z, 0+ Uo, -z)H‘O(h‘)

Biharmonic Operator

25.3.32

. ‘u)
Viuoo=(G+2 azﬂayz"’ay
—]? [20u0,o—8(2, %o, 1+ -1, 0+ U0, —1)

+2(ug 1w, 1+ U Uy, o)
+ (o, 2 Us, 0+ U2, 0+ Up, -2) ]+O(h,”)

885
25.3.33

V‘“o,o=6Lh4 [— (w0, s+u0, —aUs,0+U%—3,0)

+14(uo, 2+ Uo, —2FUs,0+U—2,0)

— 77 (uo,1+%o, -1+ %10+ %-1,0)

41840, 04+-20(uy, 1 +ty, -1+ U1 +%-1,—1)

— (2 F U2, 1y, a2, 1 Uy 2 U2y
FU_y, -2 Ues, 1) 1+ O(RS)

25.4. Integration

Trapezoidal Rule
25.4.1

2 @l ot s [ 20— @)

h B .,
=3 (fot+fr _ﬁf ® (Zo<lt<ar)
Extended Trapezoidal Rule
25.4.2
*m Jo Im
de=h |3 . m—1
ST 1@de=h [ st A at J2 ] )
-1 50 @)

Error Term in Trapezoidal Formula for Periodic
Functions

If f(z) is periodic and has a continuous k™
derivative, and if the integral is taken over a
period, then

25.4.3 [Error| < 2220800
Modified Trapezoidal Rule
25.4.4
Zm
[ rarda=t [’é+f‘+ ot
£

— fer it fnor—fmeilt g RTO @
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Simpson’s Rule
25.4.5

[ s@a= o tf4A2
o
5[ @t

+: . :’ (22— 1)@~ )@ (t)dt
]
A Al0)

Extended Simpson’s Rule
25.4.6

[ t@rde=b (ot 4hit Sk - A

F2fat ok . e H e JOQ)

Euler-Maclaurin Summation Formula

25.4.7

[ rde=h[Btsitpt .+ 4]

]

—%h’(ﬂ,—j{,)—_ . ‘?2",“:’;' [f@*-D —f@*-D]4 Ry,
RuPBED ma |foena),  (-150S)

(For B,,, Bernoulli numbers, see chapter 23.)

If f*+2(z) and f*+(z) do not change sign for
2o<lx<z, then |Ry| is less than the first neglected
term. If f®*+9(z) does not change sign for
2o 22y, |Rut] is less than twice the first neglected
term.

Lagrange Formula
25.4.8
> n
[ raae=3; @m @1 @)t R,
(See 25.2.1.)
25.4.9
" Tn (t)
L™ (z)=— ,,(x,) o dt——f L(t)dt

25.4.10 R,=m f xa (D (£ (2))dz

25.4.11 Equally Spaced Abscissas

% (=" [ 7a(2)
J;o f(:C)dz h,‘ Z fl 'b!(n—’l,)' Lﬂ d:t+R

T—I;
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25.4.12 fz"“ f(x)dz=h % ]Al(m)fl+Ru *
Ty fo-— "_;}_

(See Table 25.3 for A,(m).)

Newton-Cotes Formulas (Closed Type)

(For Trapezoidal and Simpson’s Rules see 25.4.1~
25.4.6.)

25.4.13 (Simpaon’s 3 rule)

f F@de=22 (ot afitafik sy~ 2L 0
25.4.14 (Bode’s rule)
ff(x)dz—- (7fot+3211+12f,

8f(0) (E)h1

+32fu 70— g

25.4.15

f " f(@)drmms (19o+7517500,7+50f,

275 ® (£)h

25.4.16
f * f(:c)d:c=£6 (411, +216f,+27f,+272f,

9f® (H)AY
1400

427, +216f5-+41f) —
25.4.17
f j(z)da:—l7,,80 (751 f,+3577f,+1323,

42989 1,-+2989f,+1323f54-3577 fs

8183f(8) (E)ho
HTL = F1sm00

25.4.18
® 4h _ 980f,+5888f,—928
J;o J(@)dz=17= (98%f0+5888f,—928fs
104967, — 45407, + 104967, —928f, 5888

2368 (10) 11
werrrsl @k

25.4.19

I 1eta= g (2857t
415741 (f1+Fs) +1080(fa+f7) 19344 (fs+So)

+5TT8(fuHf)} —aag) ™ O

*See page II
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25.4.20
) 1@z {16067 ot

-106300(f,+fs) — 48525 (f2+fs) +272400(fs+17)

—260550(f,+fs) +427368fs}

1346350
326918592

Newton-Cotes Formulas (Open Type)
25.4.21

f(l2) (E)hla

[} :f @dz=3 (470 + D
25.4.22
f f@dz= (of —py rap0 + LSO
25.4.23
f f(w>dz—— (11f1+fz+fs+11j4)+95f“) (L
25.4.24
Lzoj(Z)dx——— Q1 lfl 14f2+26f3__ 14f4 +1 lfa)
o LAO@ON
140
25.4.25

J; ' f(@)dzm e (B11f,— 4535621562/,

— 453, 61170+ ool 1O )N

25‘4.26
= 8h

f @)zt (460f,—954f,-+2196f,—245%,
z

+2196f,— 954f.+460f,)+1i915765 o

Five Point Rule for Analytic Functions
25.4.27

Zo+ ih

887
f J@dz=1 (24f(20) +411 (ot B) 1 20— )]
—[f (ot ih) +f (za—iB)]} +B

[R)"
Bl <{ge0 M

with vertlces z°+z"h(k 0,1,2,3); hcan be complex.

Max [f®(2)], S designates the square

Chebyshev’s Equal Weight Integration Formula

1 2 n
25.4.28 f | f@)de=1 3 fa)+Ra

Abscissas: z; is the *® zero of the polynomial part
of

e -n n n
P 337 158 608
(See Table 25.5 for z;.)

For n=8 and n>10 some of the zeros are
complex.
Remainder:

+1 n+1
Re= [ oS 0

2 n
_n(n+l)! igl x?+l.f(n+n (fi)

where £=¢(x) satisfies 0<¢<z and 0<§,<ux,
¢i=1,...,n)
Integration Formulas of Gaussian Type
(For Orthogonal Polynomials see chapter 22)

Gauss’ Formula
1 n
25.4.29 f f@dz=33 wf(z)+Ra
-1 i=
Related orthogonal polynomials: Legendre poly-
nomials P,(z), P,(1)=1
Abscissas: z, is the ¢*® zero of P,(x)

Weights: w,=2/(1—2%) [P, (z)]?
(See Table 25.4 for z, and w,.)

22n+1 (n!)l

B=gmmiesr /" ®

(—1<&1)

Gauss’ Formula, Arbitrary Interval

25430 [ fa)ay="52 3> wiw)+R,

n=(7%) =+(%%)

*See page II.
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Related orthogonal polynomials: P,(z), Ps(1)=1
Abscissas: z; is the ¢*® zero of Py(2)
Weights: w=2/(1—2}) [Pa(z)

_ (b—a)™ ()t

B=mroian O

Radau’s Integration Formula
25.4.31
1 2 n~1
[ r@ie=ls+E ws@+r,

Related polynomials:

Pn—l(z) +Pn(z)
z+1

Abscissas: z, is the i*® zero of

Pn—l(z) +P,,(Z)

z+1
Weights:
_..._1_ 1—g, _ 1 1
wt—nz {Pp-1(2) ]2—1—.’!‘ [Pa-1(x))?
Remainder:
R.=[____._.(221:;1i;‘!]a [(—1)1JF 2= (¢) (—1<<1)

Lobatto’s Integration Formula

25.4.32

f_l‘f(x)dx=,;(7$2_—15 fO+f(=D]
+"§_i;’ w f(z)+Ra

Related polynomials: P;_,(z)
Abscissas: z, is the (—1)* zero of P,_;(z)

Weights:
- 2
nn—1)[P,_((z) ]

wy (27 £1)

(See Table 25.6 for z, and w,.)

Remainder:

R.— —n(n—1)322-1(n—2)!J*
T @n—D[2n—2)1P

f(?n—z) (E)
(—1<¢<1)

*See page II.
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25.4.33 ! 2
[ #r@de=33 wse)+ B,
0 =1
Related orthogonal polynomials:

g (2)=vk+2n+1P*9(1—22)
(For the Jacobi polynomials P*® see chapter 22.)

Abascissas:
% is the * zero of ¢,(z)
Weights:
a—1 -1
v={ & wor} .

(See Table 25.8 for z, and w,.)

Remainder:
o ! (k+n) 1P
R”“(k+2n+1)(2n)![ %+2n)! (o<
25.4.34

1 n
[ r@T=2d=33 wytwo+2,
Related orthogonal polynomials:

"'—1'— P2n+l (‘\/-1—:;)) P2n+1(1)=1

Vi—z

Abscissas: z,=1—#} where §, is the *® positive
zero of Py, (2).

Weights: w,=28w**? where w{***? are the
Gaussian weights of order 2n+4-1.
Remainder:

2943 (2n 1)1

(2n)!(4n+3)[(4n+2)!]zf(2”)(E) (0<E<1)

R,

25.4.35
[t VT=gdy= o~ 33 wisw

yi=a+(b—a)z
Related orthogonal polynomials:

! ) L (Vl—x)’ Poppi{l)=1
1/1—:1:
Abscissas: z,=1—¢ where § is the ¢ positive

zero of Py, ().
Weights: w,=28w{**? where w{***" are the

Gaussian weights of order 2n+1.
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25.4.36 J;l \-/—f_l(—i?i dx:g W f(2:)+ R,

Related orthogonal polynomials:
P, (W1—=z), Pam(1)=1

Abscissas: z,=1—% where £, is the i™ positive
zero of P,,(x).

Weights: w,=2w{®", w{® are the Gaussian weights
of order 2n.

Remairder:

2441 [P con
"“dn+t1 ()P e

(0<E<)

25.4.37 f Jo» P =B @35 wd(y)+Es
y,—-a—i— (b—a)z,
Related orthogonal polynomials:
P?n(Ji—:_‘i):Ph(l):l

Abscissas:
z,=1—¢2 where {, is the ¢** positive zero of P,,().

Weights: w,=
of order 2n.

+1
25.4.38 f
-1

Related orthogonal polynomials: Chebyshev Poly-
nomials of First Kind

T.(),T,(V)=5

2w wi*™ are the Gaussian weights

f®) , &
fi—a dw—;, w,f(z)+Ra

2"“
Abscissas:
_ . @i—Dr
Ty=CO0S on
Weights:
We=r
T
Remainder:

Bo= e/ @ (—1<6<)

25.4.39
*__fdy *
—_— = w +R"
Aoty =Y
b+a+é_—_£, .
Related orthogonal polynomials

ANALYSIS 889
Abscissas:
Z,;=C08 @i—bz
: on

Weights:

w=T

n

25.4.40

" &) T=Pds=F w0, @) + B,

Related orthogonal polynomials: Chebyshev Poly-
nomials of Second Kind
U. () ==sin [(n41) arccos z]

sin (arccos z)

Abscissas:
Z;==C0S n—ZH *
Weights:
W=—— sin? —~
Tt 1
Remainder:
Bo=Gygmn /@ (—1<e<)

25.4.41

[*Vomat=vrwa—32) 3 wiw +Es

yi=gﬂ+b€

~ Related orthogonal polynomials:

U(2) __sin {(n41) arccos z]
™77 gsin (arccos x)

Abscissas:

7
r=c08 —— T
¢ n+1
Weights:
< T
sin?. r

n+1

T

YA
1 —— n

25.4.42 ﬁ, 1@ \/l_ac_gcdgpzi=l wif (2)+Ra

Related orthogonal polynomials:

1
7—5 T2n+l(ﬁ)
Abscissas:
z —COS2 g".:;l . I
L 2n+1 2
Weights:
2 .
We=on 1 T

*See page 1I.

*
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Remainder:

Bi=gmypen/ ™®  0<e<D)

25.4.43

f 5@ /x—a dz=(b—0) 33 wf(y)+En
yi=a+(b—a)z,

Related orthogonal polynomials:

ﬁ T2n+l (‘\/_)
Abscissas:
romcogt 2217
o 2n+1 2
Weights:
 2r 2
V=1 ™

25.4.44 fol In 2 f(x)d’”:é wf (z)+Ra

Related orthogonal polynomials: polynomials or-
thogonal with respect to the weight function —In =
Abscissas: See Table 25.7

Weights: See Table 25.7

25.4.45
ﬁ" e~f ()dz=33 0, (2)+ R

Related orthogonal polynomials: Laguerre poly-
nomials L,(x).
Abscissas: z,is the *® zero of L,.(z)

Weights:

* Wy 7 = A

(+1)*Ly41(zs))
(See Table 25.9 for z; and w,.)
Remainder:
(2n) ©
— o @ 0<E<)

25.4‘46

|7 e fare=3 wifa)+ B

Related orthogonal polynomials: Hermite poly-
nomials H,(z).
Abscissas: z, is the i*® zero of H,(z)

Weights:
2n-In) /o
nH ()]
(See Table 25.10 for x, and w,.)

*See page II.
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Remainder:

Ro= 3T sam )

27 (2n)! (— o<t ™)

Filon’s Integration Formula 3
25.4.47

f h f(2) cos tx de="h | a(th)( fon sin tz,,
—fosin ¢29) +B(th) - Cant+v(th) - Cony

‘e th*s;,.-,]-R-n
25.4.48

C'zn=§ Ja1 cos (tzz:) —3[fon cOs t22,+f cOS tzo)

25.4.49 ,

Czn-—1=iz_:‘l; Jae—1 €08 t25_,
25.4.50

n

Sen_1= ‘Z fi2 sin t2p,
25.4.51

Ru=genhf® (8)+ O(tH)
25.4.52

1,sin26 2sin®§
@)=+ —— &

. .
B(6)=2 (1+cos ] 31:326)

sin @ __cos 4
vo)=1 (5502

For small § we have

25.4.53
26 2¢° , 26

713"3_1’5'*'4725"
2 207 4¢¢  26°
B=3+15 1057567
4 20 g8
=3 15“'210 11340

a=

— .
25.4.54

f%f (2) sin tz de=h| a(th) (fo cos tzo—fam COS tZ2m)
%o
+BS0utSen-s+ g th'Cines |~
25.4.55
—; Ja sin (txu)— [f2n Sin (£224) +fo 8in (120)]

2 For certain difficulties associated with this formula,
see the article by J. W. Tukey, p. 400, “On Numerical
Approximation,” Ed. R. E. Langer, Madison, 1959.
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25.4.56 Szn._1=zl fzt-l sin (txZi—l)

25.4.57 0;”_1=i1 fg)_1 Ccos (tng_l)
i=

(See Table 25.11 for «, 8, v.)

Iterated Integrals
25.4.58

z iy tg 1y
f dt, f Ao ... f dts f f(t)dty
o 0 1] 0

—em1 Jo ey
25.4.59

z ln 13 12
f dt, f dtus . . . f dtzf F(t)dty

=Gz f, e eava

Multidimensional Integration

Circumference of Circle I'; 224y*=h%.
25.4.60

1 1 2m .
3T Lf(a:,y)ds=— >3 (h cos L—n, h sin %n)

2m r=1
+0um-)
Circle C: 2*+y°<h%
25.4.61

o | [ rendety=3 ws@vo+R

(z4,y4) Wy
(0,0) 1/2 R=0(*
(£2,0), (0,+£h)  1/8

(24,99 wy

(i’z—"::i:g-) 14 R=0()

(271, yi) Wy
(0,0) 12
(£h,0) 1/12 R=0(Y

(ig,igﬁ) 1/12

891
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(z4y9) We
0,0) 1/6
(£h,0) 1/24 R=0%%
(0,£h) 1/24
h R
(ié’ :!:5) 1/6
(z4,y9) Wy
(0,0) 1/4
(:i:ﬁ h, 0) 1/8 R=0(%
(ﬂ:\/% h,ﬂzg Ji) 1/8
(24,90 w,
(0,0) 1/9
( 6 21rlc J —V6}, gin 21rlc) 16++6
360
(k=1,...,10)
(\/6+x/';, cos 22, 6+fh i 21rlc) 16—+v6
10 360
R=0(h')

Square* §: [z|<h,ly|<h
25.4.62

1 »
o { [1edsty=F wse,o+r

(331, y:) Wy
(0,0) 4/9
(&h, +h) 1/36  R=0(%
(+4,0) 1/9
(0, +h) 1/9
T
o | o
]
S S
o | o
1
(=4, ¥0) Wy
(:kh\/:: ih‘/—) R=0"
* )
|
—--o-—-o
i
e o+ e
(%4, 94) Wy
(0,0) 16/81

4 For regions, such as the square, cube, cylinder, etc.,

which are the Cartesian products of lower dimensional
regions, one may always develop integration rules by
“multiplying together’’ the lower dimensional rules. Thus

1 o
Jir@ae=3s ws@
is a one dimensionsal rule, then
1M1 n
[f 1@ vaay= 33 wasis @z
0 Jo ij=1

becomes a two dimensional rule. Such rules are not

necessarily the most ‘‘economical”’.
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3 3
(:!:\/% h,:th h) 25/324
R=0(%
3
(0,:!: ‘ﬁ h) 10/81
3
(i ‘/; h,O) 10/81
Equilateral Triangle T
Radius of Circumscribed Circle=5
25.4.63 I o
3 . . ff’,f(%y)dzdy"—"g w f(x,y)+R 0,0 270/1200
7V3H ((ﬁsﬂ) )
: 7 155—y15
- 120
(( 114+1 k, 0 R=0(
-=-- -- VIB+1
= ) vah)
| —
| (-52)no)
! 155+y15
, _ _ 1200
(%4,90) w, ( ﬁi 1) h, i(,/T154 1) ﬁh)
(0,0) 3/4
R=0@?*
(~,0) 1/12 Regular Hexagon H
L b Radius of Circumscribed Circle=#4
(—5»:!;—2—\/3) e 25.4,64
' : n
! — [[r@dety=32; wita,v0+R
2 fm=]
5 V3h? *H
T - |
|
[}
[}
' - — - e -
(zbyi) Wy
(0,0) 27/60 '
(k,0) 3/60 :
(—g,:tg ‘/3) 3/60 R=0@®% (%4,9) Wy
A (0,0) 21/36
(——» 0 8/60
2
) h) (:!:g',:t;—” JS) 572 R=0(h)
- :t_
474 ‘/3) 8/60 (+h,0) 5/72
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(Zu’!lc) Wy
(0,0 258/1008
(:EA\/TI L m) 125/1008 R=0(KS)
TRAEST)
vid
(i » Y5, 0) 125/1008

Surface of Sphere 2: z*+y*+2°=h?
25.4.65

4,_'1,7&‘2' Lff (z,y,2)de =§ W f(24,Ys,24) +R

(Ze,940,20) w,
(£2,0,0) 1/6
(0,+4,0) 1/6
(0,0, k) 1/6

RB=0(*

A7

(%4,94,24) w,

(:h‘/;h,:!:\/;h,o)
(:i:-J; h,o,:«:‘/gh) 115
(o,i\/gh,i‘/%h)

R=0(*
(£4,0,0) ®
(0,44,0) 1/30
(0,0, +h)

(zhyhzi) Wq
i i 1
Lo+ La+ [La) 27840
(£Vaheyihey5h) 2im
1 i
(i\/;h,i‘/%h,o)
1 1,
(o4
i i
1 1}
()
(£,0,0)
(0, £4,0)
0,0, +h)

Sphere S: z*4y*+22<h?
25.4.66

1h3 f ! f f(z,y,z)dzdydz=§; 0@y z) LR

S

32/840 R=0(k")

40/840
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(Z4,%4,20) W,

(0,0,0) 2/5
(££,0,0)  1/10
BR=0(Y
(0,4£4,0) 1/10
0,0,+h) 1/10
Cube® C: |z|<h
lyl <h
[z|<h

25.4.67

s‘li? fﬂ J@, z)d’dyd2=§-} wf (Y020 +R

//,':’Li-V
‘;__I_

(4, Y4, 24) w;

(£h,0,0) 1/8

R=0(*)
0, +h,0) 1/6
(0,0, %) 1/6

25.4.68
g J| [ 1@ oriaivie

=TO (—496fn+1283 1,483 1, +53 1] +0(h%)
25.4.69

=4Tlo (9132 /,—4033 £, 4162 £+ 0%
where fm=.f(0y 0, 0) .

& See footnote to 25.4.62.

895
2-fr=sum of values of f at the 6 points midway
from the center of C to the 6 faces.

2. fr=sum of values of f at the 6 centers of the
faces of C.

> fo=sum of values of f at the 8 vertices of C.

2 fo=sum of values of f at the 12 midpoints of
edges of C.

2 Ja=sum of values of f at the 4 points on the
diagonals of each face at a distance of

%ﬁh from the center of the face.

Tetrahedron:

25.4.70

v f [ [, dayde= g Ss.4-35 £,

+terms of 4% order

=2 ot g Sty o

+terms of 4™ order

where
V: Volume of

> f»: Sum of values of the function at the vertices
of 7.

>°f.: Sum of values of the function at midpoints
of the edges of 7.

> fr: Sum of values of the function at the center
of gravity of the faces of 7.

fm: Value of function at center of gravity of 7.
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25.5. Ordinary Differential Equations®
First Order: ¥y’ =f(z, ¥)

Point Slope Formula

25.5.1 Yn1=Yn+hynt O(?)
25.5.2 Ynt1=Yn-1t 2hy;.+ o(ha)
Trapezoidal Formula
2553 Ynn=vat Grrs )+
Adame’ Extrapolation Formula
25.5.4

Untr=UnF g (55— 5%s-1-+370s 2~ 9a0) +O(H)

Adams’ Interpolation Formula

25.5.5
Ynsr =y Wars-H1995— 50 17+a—s) + O

Runge-Kutta Methods
Second Order

25.5.6
y..+1=yn+-;- (kyt-k2) +OR?)
klzhf(xmyn) ’k2=hf(zu+hyyn+k!)
25.5.7
Yn+1=Yn+ke+O(R?)
=hf 2, y) b= (a5 g )
nygn/y n 2 1 dn 2 1

Third Order
25.5.8
b b2 Frts ke +O(R)
Ynt1=YnTg K13 KaTg K

o= o), s (2t Bt )
ks=hf(x.+h, yn—k1+2k2)
% The reader is cautioned against possible instabilities

especially in formulas 25.5.2 and 25.5.13. See, e.g.
[25.11], [25.12].

25.5.9
1 3
y,.+1=y,.+z k1+z ks+O(hY

kl:hf(x’”y")’k2=hf (xn'l‘% h;ya"}'% ’Cl)
ky=hf (a:,.+§ h,y,.+§ kz)

Fourth Order
25.5.10

Ynsr=Yntg brrts bt ket kit OCRY)
ly=hf(Zn,Ya) s=hf (x,.+% h,y..+% Icl)
bimbf (et byt b ) o= oty
25.5.11
Ynr=tntg bt S ok kg et O
b=hf @a,y0) la=hf (2t btz b )

ko=t (zat 2 hya—g s )
k4=hf(x,.+h,y,.+kr—kz+k;)

Gill’s Method
25.5.12

Untr=tatg (k1+2 (1—\/; ks
+2(1 +\/-§-) ky+k, )+ O
ky=hf (xn, Yn)
bimtf (s ty o taty )
ks=hf (za+%h; ?/n'*'("%'*‘-\/’;') k,
+(1-y3)w)
ko= (zath, s —\/g k(1 +£) k)

Predictor-Corrector Methods

Milne’s Methods
25.5.13

P: Yarr=tn-rt o QY= Yis+20a-)+ORY)

C: y.+1=y,-1+% Wa-1FH4Ya+Yas)) +OGD)
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25.5.14

3h p p
P: yn+1=yn—5+‘1'6 (11y,— 14y,
+26y,-2—14y,-3+11y,-)+O(R")
2k , ,
C: yu+l=yn—3+;_5 (7yn+l+32yn
+129n-1+32Yn—2+TYn-3)+O(RT)

Formulas Using Higher Derivatives

25.5.15
P Yurr=VYn—2F3Un—Yu-1) +RYr —Yn-1) + OO

C: yu+1“'yn+ Wt Hyn)— —¥)+O0®)

25.5.16

12 (yn+l

P y1=¥Yn-2+3¥— yn-x)+—(y"’+yi.'-'1)+0(h’)

C: ?/n+1—-'.l/n+ (yn+1+yn) 10(yu+1 ”)
s LU +OR)

Systems of Differential Equations
First Order: y'=f(z,v,2), 2’=g(x,y, 2).

Second Order Runge-Kutta
25.5.17

Ynri=taty (it +OG),
| Zam=zsts (hH1)+OR)
bi=hf(@0Ynza); L=hg(ZnYn 22)
ky=hf(xat+h Yotk 2a+1),
L=hg(z.+h,yatky, 2a+1)

Fourth Order Runge-Kutta
25.5.18

Ynrr=Yrtg (i + 2k + 2k ) +O(R),
tni=zats (L +20+20+1)+ 00
ki=hf(2s,Yn,2,)  Li=hg(Tn,Yn,2x)
b=hf (st hyatg by 2atd )

l2=hg ($n+gf y,,+’£21’ zu+%)

ko=t (b bty b2t 1)

l3=hg (xn+g’ yn+!;—2) 2n+%
k4=hf(xn +h; Yz +k3; Z,+ la)

=hg(@ath,yutks, 20+ 1)
Second Order: y''=f(z,y,y’)

Milne’s Method
25.5.19

P: yrni=vyn- a+ (2y s Y12y )+ ORS)

C yn+l—yn l+ (yn 1+4y;.'+?/n+1)+0(h5)

Runge-Kutta Method
25.5.20

Vorr=toth | vortg (bt tle) [ +00)
y;+1=y;+% (ky 42k 2k5 1K)
k1=hf(zn,?/n;y;)
1 h , h , ke
k2=hf (xn+§ h,yn+'2" yn+§ kl;yn+’21

bi=hf (st g bt b vt i t2)

kit (ath Rt s )

Second Order: ¥’ =f(z,y)

Milne’s Method
25.5.21

P: Ypr1=YntYn-2—Yn-s
0l 20 -5y0) +OCRY
O Yumaer— Yo (10U )+ OCRY)
Runge-Kutta Method

25.5.92  Yuri=yath (y;+—1é (k1+zk2>)+ oM

Vor=vik s b2 kL By
ky=hf(zp,Yn)
k;=hf (xn+g» yn+’§’ y;+g Icl)
ko=tf (zuth gt bty )

*See page II.
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