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mum product and division errors occur as percentages
of the operands, these algorithms are suited for high-
speed hardware rather than GP computer applications.
One such application is real time digital filtering. The

computations involved are usually sums of products of
a variable and constant coefficients. Using the log-
antilog algorithms gives complete freedom of coefficient
selection. For single multiplications a cobweb array
multiplier is simpler. However, for other configurations,
such as a parallel digital filter bank, the log-antilog
technique is less complex. Also, there are applications,
such as multiplicative digital filters, where log and ex-
ponent conversions are necessary.

REFERENCES

[11 J. N. Mitchell, Jr., "Computer multiplication and division using
binary logarithms, " IRE Trans. Electronic Computers, vol. EC-1 1,
pp. 512-517, August 1962.

[21 M. Combet, H. Van Zonneveld, and L. Verbeek, "Computation of
the base two logarithm of binary numbers," IEEE Trans. Elec-
tronic Computers, vol. EC-14, pp. 863-867, December 1965.

[3] E. L. Hall, D. D. Lynch, and R. E. Young, "A digital modified
discrete Fourier transform Doppler radar processor," 1968
EASCONRec., pp. 150-159.

[41 J. F. Kaiser and F. Kuo, System Analysis by Digital Computer.
New York: Wiley, 1966, pp. 218-277.

[51 C. M. Rader and B. Gold, "Digital filter design techniques in the
frequency domain," Proc. IEEE, vol. 55, pp. 149-171, February
1967.

[6] A. V. Oppenheim, R. W. Schafer, and T. G. Stockham, Jr.,
"Nonlinear filtering of multiplied and convolved signals," Proc.
IEEE, vol. 56, pp. 1264-1291, August 1968.

A Generalization of the Fast Fourier Transform

J. A. GLASSMAN

Abstract-A procedure for factoring of the NXN matrix rep-
resenting the discrete Fourier transform is presented which does not
produce shuffled data. Exactly one factor is produced for each factor
of N, resulting in a fast Fourier transform valid for any N. The
factoring algorithm enables the fast Fourier transform to be imple-
mented in general with four nested loops, and with three loops if N
is a power of two. No special logical organization, such as binary in-
dexing, is required to unshuffle data. Included are two sample pro-
grams, one which writes the equations of the matrix factors employ-
ing the four key loops, and one which implements the algorithm in a
fast Fourier transform for N a power of two. The algorithm is shown
to be most efficient for N a power of two.

Index Terms-Cooley-Tukey algorithm, discrete Fourier trans-
form, fast Fourier transform, mixed radix, spectral analysis.

T HE fast Fourier transform, extensively covered in
current journals [1]- [7 ] and popularly termed the
Cooley-Tukey algorithm [4], can be generalized

for any number of coefficients N by a factoring which
does not shuffle the data. This factoring has three
major effects on the fast Fourier transform. First, the
transform is more easily explained, since the complexity
of the tree graph to trace data is eliminated. Second, the
mechanization is simplified since the final data need not
be unshuffled, and third, the fast Fourier transform may
be conveniently applied to any number of coefficients,
although an application to anything but a power of two
or four may be only of academic interest. The applica-
tion of the fast Fourier transforms to any N, which may
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be termed a mixed radix algorithm, has appeared in
recent articles [7]- [9] but no other algorithm has been
found which does not involve scrambled data. This
paper develops the basic matrix, demonstrates the al-
gorithm for its factorization, and illustrates the factor-
ing and the resulting fast Fourier transform with pro-
grams for time-sharing operation.

THE DISCRETE FOURIER TRANSFORM
The Fourier transform Y(w) of a function x(t) is de-

fined by the relation
co

Y(W) = x(t)e- wtdt.
-co

(1)

If x(t) is sampled g times, a sampled function X*(t) is
produced, defined by

A-1

X*(t) = E x(t)b(t - kT)
k20

(2)

where a(t) is the Dirac delta function. The Fourier trans-
form of X*(t) is the discrete Fourier transform Y*(w):

Y*(w) = x*(t)e-iwtdt
-00

r A--1
- f EF x(t)5(t- kT)e-wtdt

j-1

Y*-(w) = E x(kT)eiwkT.
k=O

(3)
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If Y*(w) is expressed at frequencies which are integer
multiples n of 1/NT, and if Iu is selected as some multiple
m of N, the transform becomes

/27r\ mN-1
Y* 1 = E x(kT) e-i( 27rnkIN)

NTT k=0
(4)

which may be expressed as

Y* (S) = ,Ei( x((k + iN) T)) e-j(2,rnk/N) (5)

using the periodic property of the exponential function.
For simplicity, the inner summation may be replaced
by a derived function x'(t), so thatI2r\ N-1

Y*(82T) = E x'(kT)e-5(Tnk/N). (6)

The function of x'(t) is a folding of the function x(t),
implied by (5). If ,u=N, x'(t) is identically x(t). If x(t)
is periodic with period NT and if it is sampled without
noise, no advantage accrues to folding.

If N Fourier coefficients n = 0 to N-1 are computed,
the array of N coefficients may be expressed by

Y* =MM X (7)

where

Y*(O) _

Y*(2/7rNT)
y* = Y*(4ir/NT) I,

L Y*((N - 1)2ir/NT)j
[x'(O) 1

x'(T)
X = x'(2T) I

Lx((N-1)T)_

and M is the NXN symmetric matrix which, with
W= e-i2rlN, is given by

1 1 1 1

1 Wi W2 .. . WN

M = 1 W2 W4 ...WN.

Li WN-1 WN-2. .. WI

(10)

for which the periodic property of the exponential has
again been employed.

THE FACTORING ALGORITHM
If the Fourier transform is computed directly from

(7), (N-1)2 complex multiplications are required. How-
ever, the M matrix may be factored producing one
sparse matrix for each factor of N, which significantly
reduces the number of complex multiplications required.

In general, if r is any factor of N, then letting
N' = N/r, the jth row of the M matrix may be written as

mj]t = [Mjl Mjn * Mj, Wr'l).Mj,Wrm-1).( Mj2

...Wr(jr-).Mil, * . WN'r(j-l).Mjl (11)
WN'r(i-l) mj2 ...WN'r(- 1) .mJ]

where ] denotes a column matrix and t denotes the
transpose. To simplify the notation, let the partial row
Mil Mj2 . * mj,, equal yj,

(8) -j]t= [,yj Wrr(4l). yj . . . WN'r(5-1). Yj. (12)
The periodic property of W may be shown by writing

Wr(-l) = Wr(-l))MODN (13)

Since

(9) {r(j - 1) I MOD N = r(j -1I)MOD N', (14)

(12) has N' distinct forms, one for each value of
(j-l)MODNV. Thus,

[7j 7j
[7j Wr.*

m.] = [,1j W( 2r.7.

I[05 W(Nl-l)r.Y

75j 1 (j i)MODINW = 0
* * * Wr(N'-1). .j ],

*W2r(N'-l). 7. ],

* * * W(N'-l)r(N'-1).zYjj

(j - i)MOD NT = I

(I - i)MOD Nr = 2

(I - 1)MOD NW = N' - 1.

The N' relations of (15) yield to an obvious representation as the product of two matrices. Letting 4,,. be the row
matrix of r zeros, the first N' values of j in (15) are equivalent to

or4
Or

Lor

4qr Or ...4*]r FUr Ur Ur ... Ur
7t2 Or ..* r Ur wlr. ur W2r. Ur *... W(N'-l)r.,

,r 73 * *-* r Ur W2r. Ur W4r U, . W(N'-2)r.

4r,.r * * 7N'YN Ur W(N' i)r. U, W(N'-2)r. Ur ... Wr U

(16)

(15)
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where U, is the rXr unit matrix. The first factor is an N' XN' array of 1 Xr submatrices.
The M matrix is an r-fold repetition of (15). Additional rows can be added to the first factor of (16) until each

row of the M matrix is formed in place. The NXN' array of 1 Xr submatrices produced in this manner is the first
factor of the algorithm termed F,.

-1 1 ... 1

0 0 *..O

00 *..O

00 ... O

1 WI ... Wr-l

0 0 *..O

0 O .*.0*** 0 O

0 0 ... *0 * *0 0

1 W2 ... W2(r-1) ... o o

F,=I 0 0 *. 0 00 *.. 0
1 WN' * - WN'((r-1) 0 0

0 0 ...0

0 0 ...0

1 WN'-1 .. W(N'-1)(r-1)

0 * * 0 1 WN'+1... W(N'+1)(?'1) 0 0 ... 0

0o0*o 0 O 0 0 0 0 ...
* 1 wJN'r-i .*. W(N'r-1) (r-1)

Note that the first factor contains nonzero entries identical to the first r columns of the M matrix, but staggered
in a cyclic fashion through the NXN array.

The second factor of (16) is of the same form as the M matrix except that each entry is a matrix rather than a

single element, and each entry involves a power of Wr rather than W. The derivation of the first factoring equally
applies to an array of matrices, so that if N' is not prime, then the second factor of (16) may be similarly factored.
Therefore the second factor is denoted by M' to emphasize the recursive relation of the factoring. Continuing the
notation, the factoring is

M = F,-Ml (18)
M = F-F2,*M" (19)

(20)

where k is the number of factors of N. Each factor Fi is formed by a cyclic staggering of the first ri rows of sub-
matrices from Mi-I through an NXN array where ri is the factor of N separated at the ith factoring.

If each factor is a prime factor of N, and the factoring is complete, a minimum number of multiplications results
for this algorithm. For convenience, the procedure employed in this paper is to order the factors by magnitude,
postmultiplying in decreasing order. The procedure may be verified by partitioning F, and M' into rX r submatrices
and multiplying.

FACTORING EXAMPLES

Several sample factorings serve to illustrate the equivalence of the product of the factors to the original matrix.
For N= 6, the M matrix and its two factors are

-1 1 1

1 W1 W'

1 W2 W4

1 °

1 W4 W2

WI W4

1 1 1 -

W3 W4 W5

WO W2 W4

W3 W0 W3

WO W4 W2

W3 W2 WIJI

1

0

1

1 1

0 0

W2 W4

0 0 O
1 W4 W2

_0 0 0

0 0 0 -

1 WI W2

0 0

1 W3 WO

0 0 0

1 TV5 JJ4

-1 0 0

0 1 0

0 0 1

1 0 0

0 1 0

0 0 1

I1 0 0

0 1 0

'0 0 1

I WI 0 0

W3 0

0 J3

These matrices have been partitioned into 3 X 3 (rX r) submatrices to emphasize the technique for verifying the
factoring. Two factors are also found for N =15, as follows.

* (17)
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-1 1 1 1 1

o o 0 0 0

O 0 0 0 0

1 W3 W6 W9 W12

O O 0 0 0

o o 0 0 0
1 T6 W12 W3 W9

o 0 0 0 0

o 0 0 0 0

1 W9 W3 W12 W6

o o 0 0. 0

o 0 0 0 0

1 W12 W9 W6 3
O 0 0 0 0

_0 0 0 0 0

o o 0 0 0

1 WT W2 W3 W4

O 0 0 0 0

o 0 0 0 0

1 W4 W8 W12 W17

O 0 0 0 0

0 0 0 0 0
1 W7 W14 W6 W13

o 0 0 0 0

o 0 0 0 0

1 W10 W5 wJ W10

o o 0 0 0

0 0 0 0 0

1 W13 Wll W9 W7
0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

ii TV2 W4 W6 W8

10 0 0 0 0

0 0 0 0 0

10 010 0oW

0 0 0 0 0

0 0 0 0 0

1 WI WI W9 WT

10 0 0 0 0

0 0 0 0 0

V14 3O 12

l1Wll W7 W3 W~~~~~11

-1 0 0 0 0

01 00 0
00 10 01
00O0 10
000 0 1

10000___

01 0000
00 1000
0001 0
0000O10

1.. 0 0 0 01

1

0

0

0

0

W5

0

0

0

0

0 0 0 0 1 0 0 0 0

1 0 0 00- 1 0 0 0

0 1 0 0 0 0 1 0 0

0 0 1 0 0 0 0 1 0

0 0 0 1 0 0 0 0 1

0 0 0 a W10. 0 0 0 0

WI 0 0 0- 0 TVO 0 0 0
0 WT 0 0 0 0 IV'0 0 0

0 0 WI5 0 0 0 0 TV'° 0

0 0 0 W5i 0 0 0 0 J1710

W10 0

0 J1710 0 0 0

0 TV0 0

0 0 O TV0 0

0 0 0 0O

W5 0 0 0 0

0 W5 0 0 0

0 0 WI 0 0

0 0 0 WT 0

0 0 0 0 IT5,

For N= 16, M= Fl F2r F3r F4. Omitting the zero entries and the partitioning, the four factors are derived as follows.

rl 1 -I

1 TV'

TV2

W3

1 TV4

1 W5

W6

1 W7

W8

1 W9

1 W10

1 Wl

1 W12

1 W'3

1 WT4

1 W15

F1 =

F2 =
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-1 1 1 1 1 1 .11 -

1 1 1 1 1 1 11
1 W2 W4 W6 W8 W10 W12 W14

W2 W4 W6 W8 W10 W12 W14

T4 W8 W12 W° W4 W8 W12

I 4 W8 W12 W1 W4 W8 W12

1 Jw6 W12 W2- W8 W14 W4 W10

1'= W'W6W12 W2 W8 W14 W4 W10
1 Ws Wo W8 W0 W8 W° W8

1 W8 Wo W8 W1 W8 W0 ws

1 W0 W4 W14 W8 W2 W12 W6

Wi0 W4 W14 W8 W2 W12 W6

W12 TV8 W4 W° TW12 W8 W4

W12 W8 W4 Wo W12 W8 W4

1 W14 TV12 WT0 W8 W6 W4 W2

- 1 W14 W12 WIv0 W8 W6 W4 w2-

1 W2

1 W2

T4 4

1 I 0

1 IF10
1 ,1712

1. W12

1

1

1

W8
W8

TV,

wo

TV8

if",

WV12 W
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-1 1

1 1

F2 = I 1 TV8

1 TV,8

1 W6

1 W6

L

-1

1 W14

1

1

1

WV14

1

1

1

1

1

1

1

Tf4
1

1

1

TV4

1

1

W4

W12

1

1

W12

1

W8

W8

,F12

1

1,T12

W12
W8 wo

TV12

IV8

W4

1

W4I

W8 Ws
W8wo

woWs
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The last two factors are the following.

rI1

F3=j 1

1F =

1
1

1

1

1
1

1

1
1

I
1

MULTIPLICATIONS REQUIRED

The number of complex multiplications required after
factoring is found from a recursive relation. The num-
ber of multiplications required after the first prime fac-
tor r1 is separated is the number of nonunity entries in
the first r1 columns plus r1 times the number of mul-
tiplies required for a matrix of order N/r1. If F(N) is
the number of complex multiplications required for the
operations in the M matrix, after one factoring the
number then is

F(N) = (N - 1)(ri - 1) + r,F(N/rl). (21)
For N= 1J1 ri, the number of multiplications is easily
shown to be

n

F(N) = ATE (ri-1) + 1±-N (22)
i=l

If N=rn,

F(N) = Nn(r - 1) + 1 - N. (23)
(These formulas are exact, except that WO = 1 and
WN/2 = -1 are not used outside the first rows and first
columns.) Equation (23) may also be written as

F(N) = N In (N)(r - 1)/ln (r) + 1 - N. (24)
Since (r- 1)/ln (r) is monotone increasing for r> 1, the
least number of multiplies for an integer r and N=rn
occurs for r = 2.1 However, a more important advantage
than the formal efficiency accrues to the use of the base
two since all multiplications occur in complex conjugate
pairs and the number of multiplies may be further re-

I Cooley and Tukey [41 report that the number of multiples is
equal to Nr logr (N) =N ln (N)r/ln (r) which is a minimum for
r=e, and on the integers, for r=3.

1

1

1
1

1

Ws

1 W12

1

1

W12
Wi2

1

1

1

1

1

1

1

1

1
1

I

W8

1

Ws

1

Ws

1

TV"

I'8
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DIMENSION, MODE,

HEADING STATEMENTS

START J LOOP:

J = 1 TO Ni, THE NUMBER

OF FACTORS OF N
_ *~~~~~~

COMPUTE: S = ni r

D = N/S; SET X = R(J) LIST

| START Li, L LOOPS

Li = I TO S

L =iTOD

COMPUTE: I= L + (Li-i)D

K = (L + (LI-I)DX) MOD N

PRINT: Z (J + 1, I) = Z (J, K)

START H LOOP

H = I TO X

COMPUTE: U = K + (H-i)D
G = (D (L-1) (H-1) ) MOD N

L-PRINT: + Z (J, U) * W(G)|

=,I

END H LOOP

|END L LOOP

rEND Li LOOP]|

Fig. 1. Flow chart for the loops of the fast Fourier transform.

duced by half. Thus for N= 2e, the required number of
complex multiplications is

F(2in +1; -2pg = 2a s1 + 1. (25)

A program has been written in FORTRAN for the
GE-265 time-sharing system which writes the equations
for the fast Fourier transform. The program illustrates
the simple set of four loops necessary to mechanize the
transform for any N, that is, employing a mixed radix,
without special addressing logic. (For N a power of 2,
the H loop becomes a single execution, and only three
loops are required.) The flow chart for the basic routine
is shown in Fig. 1; the program and sample results are
shown in Figs. 2 and 3.
One of several programs written in FORTRAN employ-

ing the algorithm for radix 2 is listed in Fig. 4. This sam-
ple program stores the output complex coefficients in
the input file and when the program is recalled, the in-
verse transform is taken as a verification. The output is
the magnitude of the Fourier coefficients and is written
into a file for computer plotting. A sample run for a

FTLPISP 20n25 THURS. 07/11/68

inn 0IMFMSI3N 7(0n,In0),R(2n)
lin I NTErER S, n, R, H, , 7., 11, V, X
120 4AREAn,N,Ni
130 PRINT," TEIATIMNS OF T11F FAST F1IIRI!tR TRAN9SF!RM,"
140 PRINT 2,N,
15n 2:FORMAT(IIX,PHFOR N - ,IAH,31 : )

17n n0 1,1=1,12
180 REA D,R(J)
190 PPIMT I,P(J),
2nn I:FVARMAT(!?,P'1 *)
210 RF.AO,R( Ni )
22n PRITT A,R('Ji)
o30n 3: FIRMA T I2)
?A.O ';=R(I)
?25 O 8 I I ,1-,= MI
2h0 X-R ( I)
2707n nN/S
2Rn T0 31 ,LI-I .
290 07 31 ,L-I,n
300 ;1sF8RMAT(21,tZ(,I2,i1i,,I2,fiH) : Z(,12,IH,,12,211) )

nX=AMn(L+(LI -I )**X,N
320 I=L+(LI-I)*D
130 PRINT
340 PRINT I,J+1,I,., K,
350 n0 31, H:2,X
3fO0 IF(AMSC(H-I1,4)) 32,33,32
370 33:PRINT-,PRINT'
30n 32:G:=AMN((LI-I )*D*(H-I ),N1)
390 iJ-K+(H-i )*0
4nn PRINT 31,J,I1,0,
41n 31 :;GRMIAT(4i1+ Z.(,I2,IH.,,I7,AH)*Wl(I2,2l1) )
420 IF(I1-I-J) 11
430 S = *R (.J+I)
440 II:PRINTt
450 PRINTttTtNr TfA AtEN0
460 $DATA
47n 6,2,2,3,
48n 8,3,2,2,2,
500 15,4,2,2,2A2,
510 27,3,3,3,3,
520 30,3,2,3,5,
530 64,6,2,2,2,2,2,2
s4O STOP

Fig. 2. Program to write fast Fourier transform equations.

square pulse input is shown in Figs. 5 and 6 and the re-

stored input function in Figs. 7 and 8. The program also
includes folding of the input data as required by (5).
Without loss of generality, the program outputs are

computed for the regions of -NT/2<t<NT/2 and
- 1/2T<f< 1/2T to accommodate the symmetry avail-
able in the sample problem. The execution time for the
time-sharing system appears to be dependent primarily
upon the number of accesses to the disc for file data or

for READ WRITE operations, and the program performs
a transformation in approximately one minute for 128
complex coefficients and 128 input samples.
The fast Fourier transform shown in Fig. 4 employs a

full buffer storage, the A( ) array, of length 2N. This
permits storing the full vector of complex numbers com-

puted at each matrix multiplication, and may be a

luxury in some applications. The basic algorithm re-

quires buffer storage at each matrix multiplication, the
extent depending upon the factor r being extracted and
the position of the matrix in the sequence of matrix
factors. The minimum buffer length has not been as-

sessed; however, the maximum is clearly 2N words.

ill
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FTL8SP 20:27 THURS. 07/11/68

EQUAT13NS OF THE FAST FGURIFR TRANSFORM.
FOR = 6 = 2 * 3

Z( 2, 1) 7( 1, 1) + 7( 1, A)*W( 0)
Z( 2, 2) : Z6 1, 2) + 7( I 5)*"W( 0)
7.( 2, 3) - I, 3) + 76 1, A)*W( 0)
76 P, 4): 76 1, 1) + tt 1, 4)*W( .3)
Z( 2, 5): 7. 1, ?) 4 V( 1, 5)*W( 3)
Z( 2, 6): Z( 1, 3) + 76 1, 6)*W( .3)

Z 3, 1) - 7t 2, 1) + ( P2, P.)*W6 0) + 7( 2, A)*WC 0)

3, 2): Z 2, 4) + 7.6 2, 5)*W( 1) + ZU 2, A)*v( 2)
7.( 3, 3): P, I ) + 76 ., 2)*W4( 2) + Z( 2, 3)*W( 4)
76 3, 4) U( 2, 4) + U( 2, 5)*W( 3) + 2, S)*W6( 0)
Z6 3, 5) Z( 2, 1) + T6 2, 2)*W( 4) + Zt 2, 3)*W( 2)
Z( 3, 6): Z 2, 4) + U( 2, 5)*W( 5) + U( 2 )*14( 4)

EQUATIONS ar THE VAST T8IIRIER TRANSFORM,
FOR N . S: 2 * 2 * 2

2, 1) - , 1) + U( I, 5)*W n
Z7 2, 2) : ( 1t 2) + , 6)*W6 0)

Z( 2, 3) . 1, 3) + 1, 7)*V( Q)
Z( 2, 4): U( 1, 4) + 1, 8)*W( O)
7( ?2 5): U( , I ) + U( 1, 5)*W( 4)
76 2, s) Z( I, 2) + 1 6) *W6 4)

ZU 2, 7): 1, 3) 1, 7)*W( 4)
Z( a, 8) - Z( 1, A) + Z( 1, 8)*W( 4)

, 1) 2, I) + U( 2, 3)*'4( .0)
76 3, 2): 2, 2) + U( 2, 4)*'4( 0)
U 3, 3) Z 2, 5) + U( 2, 7) *'4 2)
7.6 3, 4): 2, 6) + ZU 2, 9)*'4( 2)

3, 5) : ( 2, 1) + ZU 2, 3)*W( 4)
76 3, 6) : 2, 2) + 2, 4)*14( 4)
76 3, 7): U( 2, 5) + 1t , 7)*W( 6)
76 3, R) : U( 2, 6) + 7( 2, 8)*1)( 6)

U( 4, 1) : 3, 1) + U( 3, 2)*W( O)
U( 4, 2) : 3, 3) + t 3, 4)*44 1)

7. 4, 3) : 7 3, 5) + 7Ut 3, 6)*W( ?2)
4, 4) : Z( 3, 7) + U7( 3, 8)*14( 3)
4, 5): 3, 1) + 7( 3, 2)*W) 4)

U 4, ) : Z( 3, 3) + U( 3, 4) *1 (
7( 4, 7) 3, 5) + 3, 6)*W ()
ZU 4, 8) : 3, 7) + ( 3, 8)4*W6 7)

(a)

EQ11ATISNS tIF THE FAST FOURIER TRANSFORM.
FOR N = 15 - 3 * 5

Z 2, ):
2) : 2(

7( 2 3) :
2, a) :

2, 5): 7.(
2, 6) - 76(76 2, 7):

2, 8) 76(
Z7 2,1n) :

?,11) -7( ?, 12) - 7(
2,13) -

Z( 2,14) - 76

7U 2,1S) -

I ) + Uc I , 6)*W( 0) + 7( 1,11)*W) 0)
2) + U( 1, 7)*W) 0) + U( 1,12)*'4( 0)
3) + U( 1, ))*W( 0) + U( I ,13)*'60)
4) + U( 1, 9)*46( 0) + 7U 1,14)*)4( 0)
5) + U( I 1 ))*W4 0) + Ut 1 J5* W( 0)
1) + 7( 1, 4)*W( 5) + U( ,I1)*'(J0)
2) + 7( 1, 7)*t6 5) + 7( I,12)*W(1O)

, 3) + 7( 1, 5)*1( 5) + 7U 1 ,10)*!(WI0)
, 4) + 7U 1, 9)4*)( 5) + 7( 1 4) *J( 1 0)

5) + 1,10)*W4 55) + 7( 1,I 5)*',F(l 0)
1) + U( I, 6)*4(10) + 7( 1 1I)*)46. 5)
2) + 7( 1, 7)*W(In) + 1,12*16 5)

) + 7 I1, t)*4(1) + U7 1 ,13)*' 5)

A) + 7( 1, 9)*W(1O) + ( 1, 4)*4( 5)
5) + 1,10)4)4(10) + I I 5) W' 5)

Zt 3, 1) = 76 2, 1) + Zt 2, 2)*W( 0) + 7( 2, 3)*W( 0) + Ut 2, 4)*)k( 0)
2, 5) *W( 0)

Z( 3, 2) : U( 2, 6) + Z( 2, 7)*W( 1) + Z( 2, R)*14( 2) + ')*4( .3)
+ U( 2,10)*4)t A)

3, 3) - (. ,11) + 762( 12)446 2) + 1,j3*Z)( 4) + 7( 2,14)*)4
76 2,1s)*) ( 8)

7. 3, A) - 2, 1) + ZC 2, 2)4)4* 3) + . 6) + *'J(

+ Z 2,P5))*W12)
A3, 5) - 2, 6) + Z( 2, 7)*)W( 4) + 2, 9)4465) + 7(

( 2,10)*W( 1)

Z 3, 6) 7 2,11) + Z 5) + 2,13)*4(10) + 7( 2,14)*)4 n)
2,15)*4) ( 5)

UC 3, 7) -: ?U, 1) + Z( 2, 2)*14) 6) + U( 2, 3)*'d(12) + U( 2, 4)*)( 3)
U( 2, 5)*W4( 9)

Z( 3, 8): U 2, i) + Z( 2, 7)*W) 7) + ZU 2, )*W(14) + 7U 2, 9)*!4( 6)
2,10)*W)(13)

Z( 3, 9) U 2,11) + ZU 2,12)4W4 8) + Z( 2,13)*W( 1) + U( 2,14)*W( 9)
2,15)*W4 2)

Z 3,10) = 76 2, 1) + Z( 2, 2)*W4 ) + 7( 2, 3)*W( 3) + 7( 2, 4)*4(12)
+ 76 2, 5)*W4 6)

3,11):rU 2, 6) + Z7 2, 7)*W()1) + 2, R)*W( 5) + Z7 2, 9)*)4( 0)
+ 2,ifl)*w61n)

7( 3,12): 2,11) + Z( 2,I2)*W(11) + 7( 2,13)*W( 7) + Z 2,1A)*14 3)
7( 2,1 5))*W(1 4)

3,13) - 76 2, 1) + 76 2, 2)*W(12) + Z7 2, 3)*W( 9) + U( 2, A4)*W( 6)

2, 5)*W) 3)

Z( 3,14) : Z7 2, S) + 7( 2, 7)*W(13) + 76 2, R)*W(II) + 7( 2, 9)*W) 9)

+ 7( 2,1In)*W( 7)
7( 3,15) = 76 2,11) + 2,12)*W414) + Z( 2,13)i'(13) + 7( 2,14)*W(12)

+ Z6 2,15)*W(II1)

(b)

z

Z(
U

7.6

76
Z6
Z(

76

7.6
U

EGQJATIONS OF THE FAST FOURIER TRANSFORM.
FOR N: 16 2* 2 * 2 * 2

2, 1) 1, 1) 7( 9)4)W6 0)

2, 2) 1, 2) 76 1,1n)4 w6 0)

2, 3) 7 I, ) 7 1 ,11)4)W6 0)

76 I A) 76 1, 4) 76 1,12)4)W6 0)

76 2, 5) 76 1, 5) 76 1 13)*)4 0)

2, 7 I 7 1 ,14)4)W6 0

76 7) 76 I 7) 76 1,15) 0)
7 8 + 7 ,16) 0

9 7 7 9)* W46 8)
.7( ,10) 76 1 2) 76 )

P O, I1) 7 1 + 7 I)*)4 53)
2,I12 ) 1,I A 7 I1,1 ) *4)4 5)
2,1VS) 76 1, 5) II,13)* W4( 8)

76 2,14) 76 1, 6) 76 I,14)* 146 8)
76 2,15) 76 1 , 7) 76 I,15)*Id6 5R)

2 ,1 6) I 5) I I6) *146 8)

76 A
, ) 76 2, I 2P, 5)4)W6 0)

3,I 2) 7 2, 2) 7 2 , 6)4'46 0)
Z6 3, 3) 76 2,I 3) 76 2, 7)4w6 n)
Z 3 4 7 A

2, 8)4 W 0)

76 3, 5) 76 9) Z7 2,13)446 4)
76 76 P, 4O 76 2,14)4)W6 A)
76 3, 7) 76 2,11I) ( 2, 15)*W4 4)
76 3 , 8) 76 9,12P) P,1I6t)4)W A)

Z6 3',I 9) 76( 2, I1) 2P, 5)4* 8)
Z( 3,10 ) 76 2, P) 76 2, C 8)
76( 3,11)I 76 2, 3) 76 2, 7)*14( 8)

A ) 7 6( 2, 8 )4 W ( 8)
7 S I M3 2, 9 ) 2, 13)4) 612)
76 3,14) :76 2,10) 76 2,14)4)4612)
76( ,15) Z7 2,11) 476

3,1 6() 7.6 2,1 2) + P
, o) 461 2!)

4, 1) Z 3,I 1) 76 3, 3)*446 0)

76 A, 2) 76( 1, 2) 76 3, 4)*w4 0)
Z( 4, 3) - 76 3, 5) + 76 3, 7)4)4w 2)
Z( 4, 4) - 76 3 , +76 3, 8)4)W6 2)

76 4, 5) - (6 3, 9) + 7( 3,11)*W6 4)
7( 4, 6) : 3,10) + 7( 3,12)*W6 4)

Z6 4, 7) :Z 3,13) + ,?,(3,15)*46 6)
4, 8) Z7 3,14) + 76 3,16)*W6O)

Z 4, 9) -7( 3, 1) + 76 3, 3))*W( 8)
7( 4,10) Z7( 3, 2) Z( 3, 4)*W4 8)7( 4,11) 76( 3, 5) + 3, 7)*W461)z7 4,12) : ( 3, 6 ) + 3, 8)4*1410)Z7 4,13) Z- 3, 9) + 7( 3,1 1)*4(412)
6( 4,14) Z7( 3,1) + 3, 12)4)*I6 2)

76 4,15) -7 3,13) + Z6 3,15)*4(614)6( 4,16) -7( 3,14) +76 3 16)4*W(1)
(c)

5, 1) Z6 4, 1) 4, 2)4)6( 0)
5, 2) Z

76
4, 3) 74, 4)*W( 1)

5, 3) 4, 5) 4, 6)7 W6 2)
5, 4) 76 4, 7) 4,8)+ (° 3)
5 5) 76 4, -9) )4,10)4)6( 4)
5, 6) 7 AI M 76 4,12.)4)4 5)
5, 7) -76 4,1 t) +Z6 4,14)4)46 6)

8) 76 4,15) +4,16)4)46 7)
5, 9) )4, 1) 76 4, 2)4 4(6 t)
Z5,10) -76 4, ) 4, 4)4W6 9)
5,11) 76 4,

5) 4 ?6)4)W 610)
5,12 76 4, 7) +4,f7()4'4 1)

5,13) 3 9) +76 20)3)*612
5,14) :76 4,11) 76A-2 12)4)7 13)5,1( 3,76 A,13) 76 4,14)*W(214)
5,1 4)= 7 4,15) 34,16))4(15)

rQUATINS OF THF FAST FOURIFR TRANSF3RN,1.
FCR -27: 3 * 3 * 3

7( 2, 1): 7( 1, I) + ZU 1,10)*W6 0) + 76 1,19)*W6 0)
2, 2) - 1, 2) + I,11)*'46 0) + 76 I ,O n *!6 0)

Z( 2, 3) - 76 1, ) + 7 1 ,12)*'46 0) + 76 1 21)4W 0)
76 ?, 4): 7( 1, 4) + Z I ,13)4*W( 0) + 7( 1 ,22)*W6 0)
76 2, 5) 76( 1, 5) + Z I I,A)*'4( 0) + 1(I ,22)* tl0)

76 ?, 6) -7( 1, 6) + 7( 1,15)*'4( 0) + 7( I ,4)*W 0)
76 2, 7) -7( 1, 7) + Z76 1 ,%S)*'46 0) + 76 1,I 5)*14( 0)

76 9, 8) - 76 1, 3) + 7 1 ,17) *14 0) + ( I ,6*W( 0)7( 2, 9) 7( 1, 9) + 76 1 ,IR)4*' 0) +-1-6_1,I7)*W4( 0)

7( 2,10) -7( 1, 1) + 7 1 ,1n)*,6( 9) + T( 1,19)*w(lF)7( ?,11) -7( 1, 2) + 76( ,l1)*W( 9) + 76( I?n)*W(1F)
2,12) 76( 1, 3) + 7( 1 ,12)*)46 9) + 7( 1 ,21)*WI 1)

76 2,13) : 76 1, 4) + 76 1 ,13)4'4 9) 7( 1,22)*Wt(1)
7( 2,14) -7( I, 5) + 1,1A)*'4( 9) + 7( 1,23)4W)I1)
76 2,15): 76( 1, 6) + 76 1 ,15) *W 9) + Z( 1,?4)*WF18)
7( 2,16): 7( 1, 7) + 7( 1,16)*W4 9) 7( 1,25)*W418)
7( 2,17): T( 1, P) + 7( 1,17)*4( 9) + 7( 1,26)WIR)
76 2,18) - 7( 1, 9) + Z7 I ,1R)*W 9) + 76 1,27)*W61R)
7( ?,19) - ,7 1, I) + Z( 1,1n)*w lS) + 7( 1,19)*w( 9)
76 P,20) : 7( 1, 2) + I ,I1 )*'4( IB) + 7t 1,20)*W( 9)
7( 2,21) - 7( 1, 3) + 76 1,12)*) (18) + 1,21)4)4 9)

7( 2,22) 76( 1 A) + 7 1,13)4'418) + 1,22)*)( 9)76( 2,?3) : 7( 1, 5) + 7 1 ,1 4)*1d IR) + 7( 1,?3)*W) 9)
76 2,?.4) - 1, 6) + 76 1,15) *6 5J1 ) + 7( 1,2 4)*W6 9)
7( 2,25) 7( 1, 7) + 76 I,16)*4(618) + Z6 1,?5)*W) 9)
Z( 2,26) -7( 1, 8) + 7( 1,17)*14(18) + Z6 I26)*W6 )
76 2,27) - 1, 9) + Z7 1,18)*4) t18) + 1,277)*W4 9)

(d)

Fig. 3. Sample equations of the fast Fourier transform.
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GLASSMAN: GENERALIZATION OF FAST FOURIER TRANSFORM

Z1 A3, 71 2, 1) + 7( 2, 4)*14( 0) 2, 7) .4( 0)

Z1 3, 2) ZA 2, 2) + 7A 2, 5)*W( 0) + 7.1 2, F)*W( 0)

3, 3) 71 2, A) + Z1 2, 6)*4( 0) + 7.1 2, 9)*1.1( 0)

7( 3, A)2 I t( P.,1I3)*W( 3) TA P,16S)*W( 6;)
2~~,II) + 2,l4)* W1 + P,17)*W( 6)

7( A , 2,I2) + TA P,15)*W( 3) + 2, I S) *W 6)

7( 3, 7) 2,19) 2,22)*W( A6) + 2,25) *4(12)
8) P,2PT) + P,P23)*W( 6) *W(III)

Z( 3, 9) 2,21) + 2,24)*W( 6~) + 2P,?7)0'4112 )

3,10I ) 2, I1) + 7A 2, 4)*W( 9) + ZA 2, 7)*W4116)
7A 3,11) 2, 2) + TA( 2, 5)*4( 9) + Q)*W(19)

3,12) Z( 2, 31) + 7A 2, 6)*Id( 9q) + 2, 9)*W 11S)
3,3) 2,1n) + 2,1Is)*'4(12) + ?,1#)*14(?4)
3,14) 2,11) + 2,14)*W(12.) + 2,177*W4124)

Z( 3,15) 2,12) + ZA 2,15)*W(12) + 2,19)*W(24)
Z( 3,16() 7.1 P,1I9) + ?(A 2'22)*W(1I 5) Z .) *141 3)

7TA3, 17) 2,20) + 9,23)*W(1)) + 2,2 ,)*W( 3)

3,19) ?,21I) + P2,?~ )*',I(1115) + 3,2?77*',1 3 )

Z( 3,19) 2., 1) + 2, 4)*W(18) + ZA .., 7)*U( 9)

Z( 3,20) 2, 2) + TA( 2, 5)*V(16t) + !?, Q)*W( 9)
T-(A 3,21) TAU 2, 3) + 7A 2., + P , 9)*14( 9)

zI 3,22) zA 2,1n) + p,13 *14c2i) 2,1 8)*,41 5)

3,23) 2,11) + P,14)*W(21) + 7.1 2,17) *W1155)
3,24) 7TA 2,1I .) + 2,15)*14(21) + 2 ,19A)*11411 5

3,25) 2,194) + 2,P.2)*14(.4) + 2,29)*1W
3 ,26) 2,20) + 2,23)*1424) + ?2,26) *W (21)

,27) 2,21) + 2,24 ) 4 (424) + 2,?7)*1-1(21I

7A 4, 1) 3, I1) + 3, 2)*14( 0) + 3, 3)*141 0)

4, 2) 3, 4) + ( 3, 5)*04( 1) + , 6~)*4-11
Z( ~4, 3) 7A 3, 7) + 3, 8)*14( 2) + 7A 3, 4)

ZA 4, 4) Z( 3,10) + 3,11)4-W( 3- ZA 3,12)4-1 6)

4, 5) 3,13) + 7A 3,14)4-WI 4) + 3,15)*W( 8)
7A 4, 3,16) + 7A 3,17)*-14 5) + 7 I ) *W (I0)

7) ,19) + 3,P0)o1W + ZA 3,21) 4(1?)

8) 7( 3,2.~) + 3,1)3)01'41 7) + 3,2 A)4-W4 14)

Z.( 4, 9) 3,25) + 3, 6)4s 9( ) + 3 27) *14(16)
TA( 4,10) 3, 1) + TA( 3, .)*14( 9) + 7A
7A 4,11) Z A 4) + 7 3, 5i)4-14( ) + 3, 74-4120O)

4,1 2) 3 7) + ( 3 f3)*-1( ) +

4,13) T(A 3,10) + 3,11)*W + 7A 3,t1:1) W (P4)
4,14) 3,.13) + 3,14)*W1(13) + T(A 3,15)4-W(26)
4,15) 7(TA 3,6) + 3,17)*W(14) + 1)

T(A 4,1I6) T(A 3,19) + 3,20n)4-1 (15) + ZA A )
7.1 4,17) 3,22P) + 3,23)4-1(16) + 3,2A)4-W1 5 )

71 4,16) 3,25) + 3,#26q)4-1(17) + 3,n7)*W1( 7)

4,19) A3, 1) + 7A 3, 2)*14(18) + 3, 3)*14( 9)

TA( 4,20) Z 3, 4) + 3, '5)*14(19) + 71 6S)4W(Il)
T(A ,21) 3, 7) + 3, 8)4-1420) + 7A 3, 9)*14(13)

4,22,) TA7 3,10) + 3, 1 1 )14(21 ) + 3,12.)*W(15)
4,23 7 3,13) + 3,1 4)414(22) + Z1 3 ,1 5)4-14(1 7)

7( 4,3A) 7 3,1I60) + 3,17)4-1(23I) + 3 , 1 R) 14(1 9)
7A4, ( ,19 ) + ( P A) 'I)* '4

4,2.6) A 3,? ) + ZA 5,23) *14(25) + 3,24)4-W4(37
Z1 4,27) ZI 3,2, ) + 3,2 6) *'4 26) + 3 -,37)*t (25)

(e)

V-211AT7INS OF T14. 7AST 7396(IE6 TRAIlSF1RM.3
FOR 30 2 * 3 5

2,

2 , 2) 71 I 2) 1,1 7)'W1 0)

3~) +

A)
71.2, 5) Z1 1, 5)4- 7A 1,2n)*w10)
71 P, A) 1, .6) + 1,21)4-' ( 0)

7 , 7 2) * !4 0 )

, 9) + ,2 9) 0)

7A a) 1, 9) 1,24)4-WI 0)

~ 1 0) 1,10) )

z 2>, ) 1, )

2,12) TA( ) + ,27)*14( 0)

2., 1 ) 1,13) 7 )* 14 0)

IA) 21( 1,14) 1 ,29)0* 0)

2,1)) I, I-) 7.1 1 in) *4( 2)

2,1 ') ( 1, 1) + 7.1 I 1,16) *! (1 )

21( 2,17) Z7 1 I, 2) + 1,17)4-W41 5)
2,1 ) 7-( 1, ) + TA( IS1) *4(115)

71 2~,1I0) 1, 4) + 1,1 9) *1 115))
7 ( P2,2 ) Z(T 1, 5) Z l20) *,11 ))

71 2,21) 71 1, 6) 71 1 ,2j)o314 15)

7) + 7( 1 ,22f) 0*1,(15)
7211 2, 1, 6) + 7 (1 1,9 ))

2,24) Z71 , )) + 7( 1,?A)*1-(15))
31( 3,?)) Z 1,10) + Z( 1,215)*1(1))

9) Z 1 ,1 1 ) 5'l)

37) Z.(A 1?) + 1 7) *'I(115)
Z1 1) 1,1 9) + 1,2P) 03(119)

1 1A) 71 1, 29) * 3-(1I95)
1 5)

3 712,2I 1~ , 6 ) 0 + V
7 3 2 , 2 ) + 4(A

7 ) Z 2 , ) 4- V )

21( A ( 2 A) 71? 2, ) 4-TAC7 -2, 14) 0)

, i n1 ) * 0) + 7
? , J r,) + ) - ',( + Z (

71 7 ,1 7) 4- ) + _7 7 )

71 'A39)o ( 5 4+ 71 n, T9 )

4- 7 *50 0 ) 1 3))

7 I 7( 0t 71 , 7) 0*14 11I0) + ))
1 9) 7( 7 1* ) + 7

7 ,14) 7( A, 4- 110) 7 )4 '-' 0)

3 15) 0) +* 71 7,.,1)*W ) + Z71 15)0.112 )
7 A , 1I 7) I, 4 7 I, -25

3,17) 9,17) 71 2,2"0 *1* (1I1S + 7(1 2,27)0* n)
71 3, 51) 7( 1g) 2,23) 0314 1 5 0~f)*'1
7 ,1 ! ) 4- 7 5 ) +*1 ( 0)

+ V7 2 3 )*1 4l
7 3 , 21 7 2., 1 ., 6) 20(7 ) 4-7+Z
7 P 2 + 7 7)01.1( 3,) 7 1 1 )

4-~ ~7 8) -14 0) 4-7+
7( 3,24) 71 2, A) + 71 ) ,1 4) *W(10n)

9 ) 7 t,l0 )* n 7 I, 9 ) *14
, 1 -+ 7

7 7 217) +

7 1( 7 7 + 7

7 3 0~ 71( ,1 + +,4 ) *14
7 3 , 0n) 7 .5 7

Z( 4, 1) ) + 71 .9, 2)*4-4 +) 3, 3)4-14 0) + 71 5, 4 7* '1
7 1( 3 , * 9)

4, 2) 3
, 6) + 3, 7)*14 1) + Z( 3, 6)*W( + 3, '1)o*I(

7 A )

71 A, 3) 71 0-, I) + 71 3,12)*141 2) 71 3,11)*'41 4) 71 3,14)*W1(
7( 3,15)4-i.( 6)

Z1 4,
4) 71( ,16) 4-

7 N,17) *V14 3) 4-
Z( 3

,1
~ 97*

+ 7

71 4, 5) 7( 71 3,? 2)4-W 4) 71 3,237* W41 6) + 7( 32,31),* `Jl 1I
7

7( A
, + 7

7

4 , 7) 7 (- 9, + 7 ) *W1 6S) 7 (
5)* Y

(04)

71 A, 6) 3, 1 3, 7)*141 7) + '7( 9) W1( 4) 71 *k41-1)
4 , 9) Z

+ 7 ( A,1 )* 4 ( A)
+ 3,15)*4-l 2)

71 3, ir) + Z( 3,17) * W + 7- 71 7)

71 3, .0)*-'( 6)

71 4,11) 3,21) + 71 3,237* W41 0) 0)

+ 71Z)*(o
4 ,1. 7 1 ,269) + 3 ,27) 1W111) :,26t)*14( 2) + 71 3 ,3 3)
+ ",39 *`I(14)
4,13) 71 3, ) 3, 37)* 1112) + 3, 3)*11(2+) 71 3, 4)* .1(

71 3, 5 7*14J 18)

71 4,14) = 71 3, 6) 3, 7 7* 14 113) 71 3, 71

71 3, 107*) 4122)

71 4,15) U 3,11) + 3,1?)4-1414) + 3,13)o1'l(35 + 71
+ 71 3,1I57*14126)

71 A,16) Z( 3,16) + 3,17)4-1(15) + 71 3,167)* W4 + 71

+ 71 3,20()0 W1 0)

4,17) = 3, 21) + 3, 2)4- 14(1 ) 7.1 3 i237* W4 7 3, 24) 14(1.
+ 71 3,25)041 4)

1. A,1 6) = 3,26) + 3,27)4-W(17) + 7( + 71
7 3,3 )4-14 6),

4,19) = 71 3, ) 3, ..)*101l8) + 7.1 3, 37*14( 6) 7.1
3 , 5 7* 112)

4,20) = 71 3 , 6;) 3, 7)4-W (19) + 3, 67*141 5) 7.1 3, 974 -14127)
7 7* 34 1 17)

Z11 4 , )l ,)= 7 k
7 l ,1 47 * !-l1 0 )

+ 3, 1 57*14120)
Z 4, 2,) = Z1 3 ,1 7) 3 ,17)*141 .1 4-+

71 3 ,29n7*1412~4)
4 ,23) = + .3,22)4-1422) + 7.1 3,Pl)*W(j4) + 7. 13,24)*4-4 6)
+ 71 57 *4,1 9)

71 4 ,34~h) 71 3,26) + 3 ~7)4 14(93) + 71 Z1
3,30 7* 14

71 4,t25) 71 31, 1) 71( 3, 2)*1 (24) + 3, 37) 1W(18
71 3, 5)*'4( 6)

3,

4,26~) 71 3, 6) 4- 71 3, 7)4-14 + 71 3, 9)*W120) 3,

7 0~ 1, l) + 7

4,27) 3,167 + 71 3,177*1.1127) 3k,1 )*Il(24) 3,19) *W(217
4- 1( 0 ) 4(I_

21( 3TA ,2 y) + 3,227*11129) + 7( 3,3>,) *W?(26 + 7( ,9 )*W.14)

4,30 ) + + 7 3, 267)* W41 6) 3 , 7)
3 , )

(g)
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100 I NTTE.rR rAMMA, 2A,, V,r, 1i,n5,FI,F2,F3,F4,F5,F6
110 ISJIIESSIOJ Z(51 ,AcSl,WC296),Y(256)

12n OFIE O"L!.T,FTSt/FTO,/FT02/FTIO3/FTI)4//FT5/FTrS/2T7/FTr)R/FTr9q
13n REAn (2,11) NII,T 1,F ;I- F(R114)54I,5I,41

40n .31:09!!; .°, 711,Tl,,0T9 4?241:PRINT 43,NlJ,T17-:rPT'IT IzPIST 50,,

ISO I1lPllT7,5,t2 A9t00 P1!I:6.?77l18 53/ ,C :-20/LIs(10),DEl@F:1/5/TI/3P 70Z
160 F! o?Jtl / R1/5PAt E ;,F :C5IJ+509 /5105EF4 N/4+1

1 70 F5:(2@**l+505)/5I0,E6:(2*N1+5)/2.rioP/2fl61 :510

: AMMA:137( 5.)/L 90(? )+.I.6- 30sN*2. DO1 M
OE(-OWI) 71:08 6°,,J1oI,E2,IF(J!-2r) 64rK1o9*5PAC: :6!-(2'-I)*5I

200l 64:0260(7,01!) (4(!'),!'-1 ,61 )- 62,L :I ,510

210n 4)o'l+ 20( '1-5l* 7PACE*T1r) 61,61 1.L:510:IS ISTlO
2 E :I E(AM 2Pz(3l-1 ,3PAC )) 67t!o0.63:FE3:AM8P 5(F3 6)+1

30n 7C0*3X-I)o7,(2425rI5- +.5(I-) 62:

240 *AIT3 7?71O!I 72,,I,F5IF "-F5) 77S K1oN*3?E*2I*2-(FS-I)* n

4.60 1J:11+1IF(1 4* P 0Er*N*8I) 76,76-: -51n:08T2 72:76:620A 735t(V-1i,2*02202:)
170 IF(1W) 7417D,7o7: oAl0(F3,1)+1: (2*F3-1)0Z(2*F3-1)+A(L)
2gn v=TS 72.;74:IF(22-1) 72,75,72 75:7(2*F3)1ZC2*ET)+A(L)i 72:

290 I IFA,J (PI, W( J) PC3S(PHI*(-,1_
300n 91: '4(.1+MO- I;03( 0:I 5e(97 *( J- ) ) p 5-051)

510 ,.JI-I,731?IA
320 7nlAllL!,2A)=K117,L=I,5
330,S I:2*L+2*(L1 -I *Ds6-2*AM00(L4(L1 -I)*P*2,11) :6-+2*IS
340n O:(Ll-1)*n+I
30s V1 IF7( J 1/)*WF ( 5)P (PA *k7(r+M):2:7 ( ll) l4 (r, 7=+M)+7.( U) *WC0 I
360 A(I-I )IZ =-I )I sA( I) o7(K)+R2

970 T(I+II-I)LI7=(I-1)-BI I I1:A(I+N)oZ(L)-5I.
320) 0:0/2.3:9*2.
3 0n 0' (L -1I J l0:7.(.I ) :A(lI
40n R 1= i Ii1- 1 , 141(It1 r (.J+11 ,M ) + I) -RlT(M(2*1-7 2+7U(2*1 )/ F/N

PRINTSIAPR!IT 15
- =Z 194,:1 ,I 414:JI(J) ()IZ I)*PELE.PE2NT 152.

42n PRINT+- 16= 1 ,I IF(Y(I*. II ) ) 1 71 ,173 ,171

43n 171:PRIRIT I77,4(2*.!-I,v(2* 1- 1) ,0*LR0(Y(2*I-1)) ,;7T 1
440 173A:PRINT=7,I (2?.*.Y-l),Y(2.*JJ-1),:12I :IF(Y(2P*,)) I2l,10P2,I)t
45n 1PI :PRINT 17TI,W(2.I1) ,Y92*=1) ,*LOAY( J*I)):= I 1 E T
46n 122:2P3NT 1 74W(2*.J) ,Y(?2*J) 161:

47n WRITF(I,I22) I;WRITI;(1,193) N

480 WRITE(I ,19) (411(.1),1=I,N)WRITE(I,I6S) (Y(J),J-I,N)
49n WRITF(I,2nI)EN2IFILE 10R911410mn 2'WRTTE(2,1l)I N,DELF,1-SWI
5no WRIT.(2,2U) (7(Y),K1 ,M3)?ENSFILF 9
510 PRINTvr-PRINUT ?n2,T5L2
520 32:Fr9RMAT(6IS!PIIT:,I6,,2211 RFAL SA IPLESI P29100 ,F3,4, ll610T3
53n 43:. FqRMAT(SHINPllT: TS ,259! C2MP.EX S31APLES; PFRI!2,F1 .,2! 112172)

54n 51: FIRIAT(6f3M11f4 MSISY COMPINENTS, M, ARE !EOIREP AW) 1;4AT SH0IIILO)
550 +RE Tv1E INTERVAL )
560 52: F3RMAT(2611 5FTWE.N SAMPLF;, FPACE)
57n 1 51: SrOIRMAT(X, 71PSECOJN3-,.3X,9HA'sPLl TTII)E,4X,511P25ER,9X,
5 0n 4R2 !EF I)OS,3X,9l415¶4Am LTITJOF,4X,51IPSWER)
590 152.F5RA1AT(7H OR CPS,6X,5HX100,PX,21PR,1IX,6SHOR CP,S7,,50l10Xn,
finn +Ft , P) (In)s
ts6n 172:?FIRMAT(F2.3,X,3PF10.4,2X,O2P,78.3,gX)I81:F8IRMAT(6E5Il.)
h9.!0 17A:ORMAT(F.3 ,X ,3P104 ,5X ,2W--,I1-)
63n 96: FORMAT(4FI0.A)*201* FOIRMAT(3f' SOFCTRIIM .).. .. . .

64An 197 SGRMAT(It)19; :FORPMAT(I3) IIFORMAT(I4 , F9.4,I1)
65n 20n: ORlMAT(19 4 THEt IJTERRIAL IS F10.6,7H UNITS.)
660 END

Fig. 4 Fast Fourier transform program for radix two.

FFT 19:35 THIIRS. 07/1 1/65

INPIIT: 12B0 REAL SAM1PLE3,- PFRIOD .0010 1151TS
V102 1MAMY 02MP0MF)lETS3, RI, ARE DFSTIREP AD 14{0T SHOU1LD BE THE INTERVAL

BETWEJE SAMPLES, SPACF? 128,1n

SECINnS AMPLITUDE P3'4ER
SR p2 X10nnn DB

.non
1.563
.1 25

a .

6S.?5n
7.213
9 .375
in.937
i2.5no
1 4.0M
1 5.625
1 7.1R7
12.750
?.n.1I?
21 .875
'7. . A 7

5,.nnn
?S . 563S
?S. 25
25.
31 .2n
3 ? . I3
34.3 75

37.500
.v4 . n6.1
4n.625
42,.18AS
43 .75n
45 .313
462.75
4A.432

62.5nnn
60n.5

5fi. ,finA56 .3n60

Pn . 7n5.

.nnnn

II .71
I A.03(1
A n607I

12.1 165

S. 7ng0
4,A 51
.nn!nn

A . n.A n
7.149

c) . v) r,
R.415s
f .2.6319
3 .Tn7P
.nnnn

A . 755

5.77?2t
7.A4nq
7.9 65S
7.n-9g
5.551 n
2 .99'll

n02
-24 .303
-2

-26.

-27.945
-3,.543
-34.41

,n37

-A-A . I e7

471 n
.207

1
"

-A4n.92
-4n.541
-41 .A99
-44.n63
-45.6 1

-21n.n33
-49,.9 4S

77?
42.562

-41.976
-42.737
-45.1

-5n.477

SECrSNOr, AMPL.ITIIDE P5WER

OR CP9. x1COO DB

.7Q1

2.344

In. a56
10.156

1 1 .719
1. .2P1
.844

|,. AnoR
7 .t 6Q
9 .53 1
.1j n94
77. 256

95.791
7.7 .3 4 4
on .906

-in.A OQ
32.n03
33 ,574Q
35. 1 56.
32 . 71

33 .844
4 . -06

42.969
44. 531

47. 656
49 .9 19

44.3lI3
74.9715
.43953

4.2350n
3.7611
g.6557
7. 725

1437 3

10G.5501
6.6451

0.2104

7.! 045
5 7.7

2.2399-
.A

9.0695

7. 4658
h.8592.

1 633

A.571
6.7400

7.2537S?
7. 7769

6.5451

4.35S2
I.52?A(

-?4. 17
-24 923

5,5
54

-26.9 71

-? 1 ?6

_701712
-37.2.6 3

.4 h4

57,151.7

_5.5605

-55. 57

-4A4,3.7
4_099.R

11.62?

- 47 P. F h8

-5.5.367-_5560.7v
_-46.800

-44..059

-47.124.

.373

THE INTERVAL IS .78125n IISITS.

AT LINE N3. 660: ST0P END ,RAN 692/6 SEC.

Fig. 5. Listing of square pulse transform.

SP20ROM. . . . . . . . . .

X SCALE FACTOR-= .78125 UNITS/DIV
Y SCALE FACTOR : .00125 UNITS/DIV MID/SCALE

.n00 .031 .062

y UALIIE X VALIJE //..,/ / / / / / / /
.0noo, -5n.nn-x_
0015, -49.22-
.n03n, -48.44- x
.0n44, -47.66- X

.nn56, -46.87- X

.nn65, -46.n0- X

.0n73, -45.31- X

.0n7R, -44.53- X

.nn0n, -42.75- X

.0n79, -42.97- X

.0074, -42.19- X

.00h7, -41.41- X

.005R, -4n.62- X

.n046, -39.24- X

.no32, -39.n0- X

.nn16, -32.22- X

.0non, -37.5n-x

.nn17, -36.72- X

.n033, -35.94- X
0nn49, -25.1- X

.006.3, -34.37- X

.0075, -33.59- X

.nn0 A, -33.81- X

.0n01, -32.n3- x

.0094,' -31.25- X

.n094, -30.47- X

.0090, -29.69- X

.0022, -28.91- X

.nn71, -28.12- X

.0057, -27.34- X

.0040, -26.56- X

.0o01, -25.79- X

.0000, -25.no-x

.0022, -24.22- X

.n045, -23.44- X

.0066, -32.66- X

.no07, -21.87- X

.0ln0 , -21.n0- X

.0121, -2n.31- x

.nl33, -19.53- X

.0141, -I2.75- X

.0143, -17.97- X

.0140, -17.1q- X

.0132, -1.41- X

.0117, -15.62- X
,onQ7, -14.84- X
.0070, -14.06- X
003R -13.22- X

.0000, -12.50-x

.0042, -11.72- X

.00sq, -In.A4- X

.0139, -10.16- X
019n, -9.57- X
.0244, -8.59- X
.0?97, -7.R1- X
.0350, -7.0n3- X

.0400, -6.25- X

.0448 -5.47- X

.0492, -4.69- X

.n531, -3.91- X

.0564, -3.12- X

.0590, -2.34- X

.06n0, -1.56- X

.ns?l, -.78- X

.o065, .00- X

.os0l, .78- X

.069, 1.56S- X

.0590, ?.34- X

.0564, 3.12- X

.0531, 3.91- X

.n492, 4.S9- X

.0A49, 5.47- X

.0400, 6.?5- X

.350n, 7.n3- X

.0297, 7.21- X

.0244, 2.59- X

.0190, 9.37- X

.nl03, 10.16- X

.0o029 10.94- X

.n042, 11.72- X

.nnnn, 12.5n-X

.no32, 13.28- X

.0070, 14.n0- X
.nnq7, 14.8A- X
.n0 17, 15.62- X
.n03, 16S.41- X
.nl40, 17.19- X
.0143, 17.97- X
.0141, 18.75- X
.0133, 19.53- X
.nl?l, 20.31- X
.nln 21.n0- X
.n027, 21.87- X
.nn66, 22.66- X
.nA45, 23.44- X
.0022, 24.22- X
.o0nn, 25.nn-x
.0n02 , 25.72- X
.onA0 26.56- X
.0057, 27.5B4- X
.nO71, 28.12- X
.0n022, 22.91- X
.0090, 29.69- X
.0094, 30.47- X
.0094, 31.25- X
.0nns1, 32.n3- X
.nn04, .32.R1- X
.no75, 33 .59- X
.0063,34,A7 - X
.0049, 35.1 s- X
.00133 35.94- X
.0017, 36.72- X
.0000, 37.5n-x
.nols, 38.28- X
.0032, 39.06- X
.0046, 39.84- X
.0058, 40.62- X
.0067, 41.41- X
.0074, 42.19- X
.0079, 42.97- X
.0080, 43.75- X
.0078, 44.53- X
.0073, 45.31- X
.0065, 46.09- X
.0056, 46.87- X
.0044, 47.66- X
.0030, 48.44- X
.0015, 49.22- X

Fig. 6. Square pulse transform.
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SPECTRUM .... .... . .

X SCALE FACTOR .n0nn0 UNITS/DIVY SCALE FACTOR = .n2000 UNITS/DIV MID/SCALE

Y VA.LU0 X VALIIE /.....0....... / /
. . /.. / ..../

.0000, -.s4-X

.0000, -.63-X

.0000, -.ts2-X

.0000, -.k1 -x

.00on, -.5sn-x

.n0on, -.59-X

.onono - .5R-X

.0ono, - .57-x

.0000, - .56-x

.oonn, -.55-X

.0000, -.54-X

.0onn, -.53-X

.0000, - .52-x

.n0on, -.51-X

.noon, -.50-x.nn0o, -.49-X

.0000, -.4R-X.0nnn, -.47-x

.0000, - .46-X

.0D00, - .45-X

.00ono, - .44-Xnono, - .43-X

.1000, -.42-x

.0000, -.41-X

.0000, - .4n-X

.nnon, - .39-x

.0000, - .3R-X.nno0, - .37-X

.nnnn, -.36-x

.0000, - .35-x

.nnon, -.34-x

.0non, - .33-x.nnnn, -.32-x

.oono, -.31-X

.0000, -.30-2.n0oo0 - .29-X.nnnon, - .29-x

.0nno, - .28-S

.0000, - .27-X

.0000, - .26-x

.o0no, -.23-x.0000, -.22-X

.on0n, -.23-X

.nnoo, - .20-x.00no, -.21-x.onn0, - .20-X.0oon, -.17-x.00no, -.18-X

.onno' -.1 -X.0000, -.14-x.0000, -.15-X.0ono, -.1-x.0000, -.13-5

.0000, -.1n-x

.0000, -.ns-x

.0000, - ns-x

.0non, -.07-5

.0000, -.f-.0000, -.06- X

.0oon, -.05-x.000o, - .04-x.nnnn, -.n3-X.0000, -.n2-x

.0000, -.O-X X
0oon0, .no- x

1.0000, .01- x
10000, 0n2- x
1.0000, .n- x
1.0000, 04- X.0oono, .05- x,.noon, n0s- X1.no00, .07-
.0000, .08-X.00oo, .n9-x
.00no, .10-x.onn00 .12-X.nnoo' . 13-.00oo, .14-X
.0000, .15-X.0noo, .j5-X
.0000, .17-X
.0000, .18-X
.0000, .19-X
.0000, .20-k
.0000, .21-X.0000, .22-X
.0000, .23-X.0000, .24-t
.0000, .?S-X
.0000, .26-x
.0000, .27-X
.0000, .28-X
.0000, .29-X
.0000, .30-X
.0000, .3I-X.onoon .31 -X
.0000, .32-5.0000, .33-X.0000, .34-X
.0000, .35-X.noo0, .36-x
.0000, .37-X
.0000, .3R-X
.0000, .3s-x
.0000, .40-x
.0000, .41-X
.0000, .42-X.noon, 43-X
.0000, .44--.onoo, .45-X
.0000, .46-X
.0000, .47-X
.0000, .48-X
.0000, .49-X.0oon, .50-x
.0000, .51-5.woo, .52-5
.0000, .53-X.0000, .54-X
.0000, .55-x.00no, .56-X.00on, .57-Y.nono, .5p-Y
.0000, .59-5.0000, .6o-s.ooo0, .sn-x.0000, .62-X.0000, .S-x

FFT 20:nn THU1RS. 0n7/1 1 /68

INPIIT: 129 CIMPLEX SAMPLES; PERI9 D .7913 IuNIT.
HMW RANY COMPINENTS, N, ARE DESIRED AND WHAT SHMIILO 53E THE INTFRVAI.9ETtJEE SAMPI.ES,-SPACE? 129,1

TRFCONDS AMPLITInE P0945ER
OR CPS xi 0no

026

.n4o

.060

. nee

.100

.120

.1 40
60

.1 50

.
n?e1

.?in.

.90n

. RAO

.220

.34n

.360

..,Rn

.4nn

.420

.440

.46A0

. A9n

.5nn

.50n

.540

.560n

.59n

.6
,620n

I nne . nnon!
I nnn .nnng
I non.nnpn
innn.nnni

.nnin

.nn-1n

.nnn5

. nnns,

.n, n44

.nnl s

.nn I

. nnl,s

.nni n

. nn'17

. nnnr,

.nnt-

.nn,xn

.nni?

.nnns

. nn23

. nn l 5;

. nnn9

.nnol

.Onnn

.nn I Ft

10.0020I

.nnns

.nnI4

. nnns

SEONDS AMPLIT!M
SR CPS xiooo

, nnn
.nnn
. non.000

-1 13.27A
-10n.n1
-1 12.954

-12.5.615-123I.975

-16.A05-I It.anO5
-1

I P.191
-I120,101- 2n.3

_1.10.3n5

-I A
n.

.0

-119,669B
-126,754
-112.846
-I 14.124
-I 17.743
-132.407
-137.n99
- I 1 4. n1 n
-I in.34n

-1 19.325
- 126. 457
-109,485
- 125. 575

.01n

.030

.n7n
nQn
.I I n

.3n0

.1 5f
7n

.250)

.270

.290..,sI n

.330

.350

.410n

.430
,450
.470

.490

51 0

,53n
.550
.57n
.590
.5 I 0

.610

.630O

onn0.nn5onon. no ip
Innn.nn0
99z .979

.0002
001 7

.0002.nn 6s
.nnl 5

.nnonr
n 0

.0nnn

.nono;
.n0l0
.Ino

. nnoi

.nOA s.notq

.nnP4
.nn2-p

.non.s
.nnl 4
. nnn7
. nn40
.0n03

5E 97
03

.000

.000

.000
-. Ocn

-135.61
-1 1 5.46!;
-1 15.809
-I 1S.5n1-1 26. 7o0
- 125,.28
- 10).4821 75. 565-1 19.975
-l9A. 16~9-I 24.5S)-_II^ . 7;
-1 351 77
-313,.277-1 14.4??

A. 43

.120.501-I 07.9 14-I 17.719-1 1A.F,537
-I 12.495
-1 13.N12-1?5.31 4
-131 .635
-I 16.942
-12P.599
-1 15.675

THE INTERVAL IS .no9999 IIITS.

AT LINE NO. 660: STOP END ,RAN 433/6 SEC.

Fig. 7. Listing of restored pulse.

Fig. 8. Restored pulse.
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A Scheme for Synchronizing High-Speed Logic
Part II

HERSCHEL H. LOOMIS, JR., MEMBER, IEEE

Abstract-In this paper we concern ourselves with the problem
of obtaining high sequence rate sequential machines, machines which
are constructed from realistic devices to operate at an input sequence
rate which is independent of the machine complexity. To accomplish
this result we have only to show a construction to realize acceptably
synchronous devices from badly timed, restricted fan-in and fan-out
devices. Once a complete set of synchronous devices is obtained,
the results of Arden and Arthurs [11 apply and we know that any
finite state machine has a realization using these devices which ac-
cepts input sequence members at a rate which is characteristic of
the set of devices, not of the machine. The technique we propose for
achieving this result is to produce a lattice of interconnected clock
pulse sources called clock pulse propagators (CPPs). These devices
generate clock pulses which are acceptably synchronized with re-
spect to the outputs of neighboring CPPs but are not required to be
in synchronization with some machine-wide standard as in current
practice. Once it is established that such a network is possible, tech-
niques already known can be applied in the utilization of the clock-
pulses to synchronize logic and signals. Part IF of the paper concerns
the analysis of CPP networks, and Part II covers the synthesis of
sequential machines using CPP networks as clocking sources.

Index Terms-Badly timed devices, clocked logic, completeness
of synchronous logic, high-speed logic, maximum rate construction.

INTRODUCTION
N this part of the paper, we examine the use of a
lattice of clock sources in conjunction with badly
timed logic and storage devices (latches) to produce

Manuscript received November 4, 1967; revised August 4, 1969.
This paper is an extension of results reported in "A Theory of High-
Speed Clocked Logic," presented at the 6th Annual Symposium on
Switching Circuit Theory and Logical Design, October 1965. The
work reported was supported by National Science Foundation
Grant NSF GP3002.

H. H. Loomis, Jr., is with the Department of Electrical Engi-
neering, University of California, Davis, Calif. 95616.

1 H. H. Loomis, Jr., and M. R. McCoy, IEEE Trans. Computers,
vol. C-19, pp. 39-47, January 1970,

a complete set of synchronous logic devices for finite
state machine synthesis purposes. The principal result
of this part of the paper will be to provide a set of suffi-
cient conditions for a set of badly timed logic devices to
be complete in the sense of Loomis [1] and a design
procedure for a clocked system. We will assume a lattice
of clock pulse propagators (CPPs) as defined in Part I
of this paper as our clock source, although the synchro-
nizing method does not depend on the use of this source.
Any source for which certain parameters can be bounded
will suffice.
We first develop the constraints on the construction

of the synchronous building blocks and on the physical
spacing of the clock pulse lattice; then we present the
theorem concerning completeness of badly timed de-
vices. The paper is concluded with the presentation of
a design procedure and an example.

GENERAL DISCUSSION
The systems in which we shall use the CPP lattice as

a clocking source shall consist of three elements:

1) the CPP lattice;
2) networks of gates which produce the desired

switching functions;
3) latch circuits which synchronize the outputs of the

gate networks with respect to the clock pulse
sources.

Let us first consider the operation of the latch, and
then we shall investigate the design constraints imposed
by our maximum rate objective. The latch has been
described in M\laley and Earle [2 ]. It can be thouglht of
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