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mum product and division errors occur as percentages
of the operands, these algorithms are suited for high-
speed hardware rather than GP computer applications.

One such application is real time digital filtering. The
computations involved are usually sums of products of
a variable and constant coefficients. Using the log-
antilog algorithms gives complete freedom of coefficient
selection. For single multiplications a cobweb array
multiplier is simpler. However, for other configurations,
such as a parallel digital filter bank, the log-antilog
technique is less complex. Also, there are applications,
such as multiplicative digital filters, where log and ex-
ponent conversions are necessary.
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A Generalization of the Fast Fourier Transform

J. A. GLASSMAN

Abstract—A procedure for factoring of the N XN matrix rep-
resenting the discrete Fourier transform is presented which does not
produce shuffled data. Exactly one factor is produced for each factor
of N, resulting in a fast Fourier transform valid for any N. The
factoring algorithm enables the fast Fourier transform to be imple-
mented in general with four nested loops, and with three loops if N
is a power of two. No special logical organization, such as binary in-
dexing, is required to unshuffle data. Included are two sample pro-
grams, one which writes the equations of the matrix factors employ-
ing the four key loops, and one which implements the algorithm in a
fast Fourier transform for N a power of two. The algorithm is shown
to be most efficient for N a power of two.

Index Terms—Cooley-Tukey algorithm, discrete Fourier trans-
form, fast Fourier transform, mixed radix, spectral analysis.

HE fast Fourier transform, extensively covered in
Tcurrent journals [1]-[7] and popularly termed the

Cooley-Tukey algorithm [4], can be generalized
for any number of coefficients IV by a factoring which
does not shuffle the data. This factoring has three
major effects on the fast Fourier transform. First, the
transform is more easily explained, since the complexity
of the tree graph to trace data is eliminated. Second, the
mechanization is simplified since the final data need not
be unshuffled, and third, the fast Fourier transform may
be conveniently applied to any number of coefficients,
although an application to anything but a power of two
or four may be only of academic interest. The applica-
tion of the fast Fourier transforms to any N, which may
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be termed a mixed radix algorithm, has appeared in
recent articles [7]-[9] but no other algorithm has been
found which does not involve scrambled data. This
paper develops the basic matrix, demonstrates the al-
gorithm for its factorization, and illustrates the factor-
ing and the resulting fast Fourier transform with pro-
grams for time-sharing operation.

THE DISCRETE FOURIER TRANSFORM

The Fourier transform Y(w) of a function x(¢) is de-
fined by the relation

YV(w) = f x(t) e~ otdt, _ 1)
If x(¢) is sampled p times, a sampled function X*(¢) is
produced, defined by

p—1

X*(t) = 20 x()s(t — &T) 2)

k=0

where 8(¢) is the Dirac delta function. The Fourier trans-
form of X*(¢) is the discrete Fourier transform Y*(w):

V*(w) = f " o (Oeds

—o0

= ) § x(8)0(t — kT)etdt

—o0 k=0

©)

u—1

V*(w) = D x(kT)e 7T,

k=0
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If Y*(w) is expressed at frequencies which are integer
multiplesz of 1/NT, and if u is selected as some multiple
m of N, the transform becomes

n21r mN—1 .
v* (__) — x(BT)e—i@rnk/N) 4
T kg; (RT) 4
which may be expressed as
n27l' N—1 m—1
7* (_> = Z ( Z x((k + iN) T)) e~iCmnkIN) ()
NT k=0 \ i=0

using the periodic property of the exponential function.
For simplicity, the inner summation may be replaced
by a derived function x’(¢), so that

n2 Nl
v* (ﬁ) = 3 S (kT)eiCmki), (6)
k=0

The function of x'(¢) is a folding of the function x(z),
implied by (5). If u=N, x'(¢) is identically x(¢). If x(¢)
is periodic with period NT and if it is sampled without
noise, no advantage accrues to folding.

If N Fourier coefficients #=0 to N—1 are computed,
the array of N coefficients may be expressed by

Y*=M-X )
where
Y*(2x/NT)
Y*(4x/NT) , ®)

| 7V = 1)22/NT)

%'(0)

«'(T)

¥ (27) , 9)

| (v — 1)T)
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and M is the NXN symmetric matrix which, with
W =727V is given by

1 1 1 e 1
1 Wt wW? .. WN-1

M=|1 W2 Wt ...WvN—2 (10)
1 WN-1 WN—Z . : . Wl

for which the periodic property of the exponential has
again been employed.

THE FACTORING ALGORITHM

If the Fourier transform is computed directly from
(7), (N—1)2 complex multiplications are required. How-
ever, the M matrix may be factored producing one
sparse matrix for each factor of N, which significantly
reduces the number of complex multiplications required.

In general, if » is any factor of N, then letting
N'=N/r, the jth row of the M matrix may be written as

m;]t = [mjymjo - - - miy WG oy WrG=D .,
“ e e W’(]'—I).mjr “ . WN'T(J.—l).mjl

W TG D gy WN"‘f‘l)-m,-,]

(11)

where ] denotes a column matrix and ¢ denotes the
transpose. To simplify the notation, let the partial row

Mjy My - - - mj,, equal v;,
mi]t = [y; WrD .y, . .. WN'rG=D .y ] (12)
The periodic property of W may be shown by writing
WrG-D = WirG-Diuopy, (13)
Since
{rG = Dlsoow =7(G = Duopwr,  (14)

(12) has N’ distinct forms, one for each value of
(j‘“l)MOD N'. Thus,

[ Vi Vi I, (= Dmopa =0
[v; Wy Wrd'=D.y. ] (—Dumopw =1 (15)
mi]t = {[v; Wer.y; WO =Dy ] (G—Dmopw =2

l['YJ' W(N’—I)T..-Yj e W(N'-l)r(N’—l).anJ,

(j — Dmop s = N’ — 1.

The N’ relations of (15) yield to an obvious representation as the product of two matrices. Letting ¢, be the row
matrix of 7 zeros, the first N’ values of j in (15) are equivalent to

* YN

_‘;’r ‘;Sr ¢r

U, Wa-nr.y, WW=r., ... WU, J

'—71 ¢r ¢r"' ¢r_ U, Ur .« o e Ur -
¢ Y2 G- @y U. wir.yU, we.U, ... W&'-nr.y,
¢r ¢r Y3 oo ¢r Ur W2"U,- W4"Ur s W(N’_m"Ur (16)
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where U, is the » X7 unit matrix. The first factor is an N’ X N’ array of 1 X7 submatrices.

The M matrix is an r-fold repetition of (15). Additional rows can be added to the first factor of (16) until each
row of the M matrix is formed in place. The N X N’ array of 1Xr submatrices produced in this manner is the first
factor of the algorithm termed Fi.

-1 1 ... 1 0 0 .. 0 0 0 ---0 .- 0 0 .. 0 -
0 0 ---0 1 wr ... Wwr 0 0 ---0 .0 0
0 0 .--0 0 0 .. 0 1 W2-..-W2—D...0 0 .. 0
F,=|l0 0 --.0 00 ---0 0 0 1 Wyt opar-ne-n L (17)
1 WV ... WNG-D o 0 e 0 0 0 -.--0 .0 0 0
00 ---0 1 WNHL ... W@HDEeD o 0 ... 0 .- 0 0 e 0
0 0 ---0 0 0 .. 0 0 0 ---0 Cee 1 WNT LD G-

Note that the first factor contains nonzero entries identical to the first » columns of the M matrix, but staggered
in a cyclic fashion through the N XN array.

The second factor of (16) is of the same form as the M matrix except that each entry is a matrix rather than a
single element, and each entry involves a power of W” rather than W. The derivation of the first factoring equally
applies to an array of matrices, so that if N’ is not prime, then the second factor of (16) may be similarly factored.
Therefore the second factor is denoted by M’ to emphasize the recursive relation of the factoring. Continuing the
notation, the factoring is

M =F,-M! (18)
M =F1'F2'M” (19)
M = Fy-Fy-Fy - - - Fy (20)

where k is the number of factors of N. Each factor F;is formed by a cyclic staggering of the first 7; rows of sub-
matrices from M*! through an N X N array where 7; is the factor of N separated at the 7th factoring.

If each factor is a prime factor of N, and the factoring is complete, a minimum number of multiplications results
for this algorithm. For convenience, the procedure employed in this paper is to order the factors by magnitude,
postmultiplying in decreasing order. The procedure may be verified by partitioning F; and M’ into » X7 submatrices
and multiplying.

FacTtorING EXAMPLES

Several sample factorings serve to illustrate the equivalence of the product of the factors to the original matrix.
For N=6, the M matrix and its two factors are

-t 1 1,1 1t 179 [t 1t 170 0 0-°FL 0 10 0 .
t wrowrlws owt ws | |lo o o | W W : 0
towr owe we owr w1 owr owelo o o 0 ‘; 0

P o
1w owo ws wo ws | |o o o | W W 0 lws 0 o
1wt oW we owt w1 oWt wrlo o0 o Lo w0
t ows owelws owe owid Lo o o | ws e lo o o o ws |

These matrices have been partitioned into 3X3 (r Xr) submatrices to emphasize the technique for verifying the
factoring. Two factors are also found for N =15, as follows.



IEEE TRANSACTIONS ON COMPUTERS, FEBRUARY 1970

r ® | » o | = n
o c B o © | B o o R O© | © R © o
I 1
| | B | 2 2
® s - - =
cec oo _ £ cocdo _ c £ oo i ©So oo~ | o000 o R | ©°00R
| = |
s - 2 »
- 5] - - = = 2
co koo | R ook o (. S oo & ©c oo wo | ococoRrRoc | oo oo
_ _ | - |
o [ » = z | I ! 2
cof oo _ L ool o _ ok ocoi ©So -9 o | ooRo S | oo koo
| s | -
o o —~ o o “ - o O - o “ S - OO - © - o o o “ o B o o o ﬁ o &k © o o
lllllllllllllllllllllllllllllllll s
I | ~o oo o | R oo oo [N o o
- = 2 | 2 - | =
o R O o R | © © B o o | B o o R o llllllllllﬂ IIIIIIIII ﬂlﬂ lllllllll -
o | © o oo~ | ©0oo0 = | © @ o 0© IS
- - © o L N
ok coR | ocoorroco | B ooiro : | . | o
[ . | = ©c oo ~0o | ocoo ko | oo oro
o o = » =
© B © o R “ o © R o © “ B o o R C “ - “ e
B . N | o - ©o oo | oo koo | o0 B o o
o R oc o R | ook oo | B ooirec | - | °
| | c-woococ | ok ooco | ok ooo
| | | |
| | | ,
| |

108

Fy

w7
ws_|

w3
w*
75
1 ws
1wt
1 we
1 W
W

w?
‘Vlo

we

Wt

wse

1

Fy- F,- F3- Fy. Omitting the zero entries and the partitioning, the four factors are derived as follows.

For N=16, M
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The last two factors are the following.

1 1
1 1
1 1
1 1
Fa=1y ws
1 Wws
1 ws
1 Wwe
1
1
1
1
1
1
1
o=\
1
1
1
1
1
1

MULTIPLICATIONS REQUIRED

The number of complex multiplications required after
factoring is found from a recursive relation. The num-
ber of multiplications required after the first prime fac-
tor 71 is separated is the number of nonunity entries in
the first 7, columns plus 7; times the number of mul-
tiplies required for a matrix of order N/r,. If F(N) is
the number of complex multiplications required for the
operations in the M matrix, after one factoring the
number then is

F(N) = (N — 1)(r1 — 1) + r,F(N/ry). (21)
For N= HL] 7i, the number of multiplications is easily

shown to be

F(N) = N 5_‘, (ri—1)+1— V. (22)
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1 wH
1 w1
1 Wt
1 wH
1 w2
1 Wli
1 W12
1 we
) -
1
1
1
1
1
1
1
ws
WB
w3
WS
ws
ws
ws
we ]
If N=rn,

F(N) = Nu(r — 1) + 1 — N. (23)

(These formulas are exact, except that W9=1 and
WNIzZ= —1 are not used outside the first rows and first
columns.) Equation (23) may also be written as

FN)=NIn (M@ —1)/In()+1—N. (24)

Since (r—1)/In (r) is monotone increasing for »>1, the
least number of multiplies for an integer » and N =7
occurs for 7 =2.! However, a more important advantage
than the formal efficiency accrues to the use of the base
two since all multiplications occur in complex conjugate
pairs and the number of multiplies may be further re-

! Cooley and Tukey [4] report that the number of multiples is
equal to N7 log; (N)=N In (N)r/In () which is a minimum for
r=e, and on the integers, for r=3.
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DIMENSION, MODE,

HEADING STATEMENTS

1
START J LOOP:

J =1 TO Ni, THE NUMBER

OF FACTORS OF N
¥

J
COMPUTE: S = il;l1 r;
D = N/S; SET X = R(J)

1

START L1, L LOOPS

L1=1TO S
———-[ L =1 TOD ]
i
COMPUTE: I=L +(Li-1)D

K = (L +(L1-1)DX) MOD N

i
[PRINT: Z(@+1, D=2, K) |
1
START H LOOP
H=1TOX
1
COMPUTE: U = K + (H-1)D
G = (D (L-1) (H-1)) MOD N

]
LPRINT:' +2Z (3, U) * W(G) l

END H LOOP

END L LOOP
END L1 LOOP

END J LOOP

Flow chart for the loops of the fast Fourier transform.

Fig. 1.

duced by half. Thus for N =27, the required number of
complex multiplications is

27y Y
F(27)=—2—-|—1—27=2"<7—1>+1. (25)

A program has been written in FORTRAN for the
GE-265 time-sharing system which writes the equations
for the fast Fourier transform. The program illustrates
the simple set of four loops necessary to mechanize the
transform for any N, that is, employing a mixed radix,
without special addressing logic. (For N a power of 2,
the H loop becomes a single execution, and only three
loops are required.) The flow chart for the basic routine
is shown in Fig. 1; the program and sample results are
shown in Figs. 2 and 3.

One of several programs written in FORTRAN employ-
ing the algorithm for radix 2 is listed in Fig. 4. This sam-
ple program stores the output complex coefficients in
the input file and when the program is recalled, the in-
verse transform is taken as a verification. The output is
the magnitude of the Fourier coefficients and is written
into a file for computer plotting. A sample run for a

111

LIST

FTLAP 2n0:25  THURS, 07/11/68
100 NIMENSIAN 7(20,100) ,R(20)

110 INTEGER S,N,R,H,6,7,1,V,X

120 A3READ, N, NI

130 PRINT," MUATIANS OF TIE FAST FAIIRIER TRANSFARM,™
140 PRINT 2,N,

150 2: FBRMATC(I1X,RHFAR N = ,12,3H = )
160 R =N1-1

170 DA 1,421,802

180 READ,RC.H

190 PRINT | ,R(J),

200 | FARMAT(I2 211 *)

210 READ,R(NI)

220 PRINT 3,R(N])

230 3:FGRMAT(12)

240 S=R(1)

250 DB 11,.z1,N]

260 X=R(.)

270 n=N/S

280 DA 31,L1=1,S

290 PA 31,L=1,N

300 613 FARMAT(2HZ(,12,1H,,12,8H) = Z(,12,1H,,12,2H) )
3in K:AMﬂn(L+(L]-l)tntx,N)

320 I=zL+(L1=1)=D

330 PRINT

340 PRINT 61,J0+1,1,J,K,

350 nA 31, Hz2,X

360 IF(AMAD(H-1,4)) 32,33,32

370 33:PRINT:PRINT" ",

380 323 GzAMAD ((L1=1)*Dk(H-1),%)
390 NzK+(H-1)%D

400 PRINT 31,J,1,4,

410 31 :FORMAT(AH+ 7.¢,12,1H,,12,2H) *W(,12,21) )
420 IF(NI-1-0) 11

430 S=S*R(.J+1)

240 |1 :PRINT?

450 PRINTtttt3GATA A3END

460 SPATA

470 6,2,2,3%,

480 8,3,2,2,2,

490 15,2,3,5,

00 16,4,2,2,2,2,
510 27,3,3,3.3,
520 30,3,2,3,5,
530 64,6,2,2,2,2,2,2
540 STEP
Fig. 2. Program to write fast Fourier transform equations.

square pulse input is shown in Figs. 5 and 6 and the re-
stored input function in Figs. 7 and 8. The program also
includes folding of the input data as required by (5).
Without loss of generality, the program outputs are
computed for the regions of —NT/2<t<NT/2 and
—1/2T<f<1/2T to accommodate the symmetry avail-
able in the sample problem. The execution time for the
time-sharing system appears to be dependent primarily
upon the number of accesses to the disc for file data or
for READ WRITE operations, and the program performs
a transformation in approximately one minute for 128
complex coefficients and 128 input samples.

The fast Fourier transform shown in Fig. 4 employs a
full buffer storage, the A( ) array, of length 2N. This
permits storing the full vector of complex numbers com-
puted at each matrix multiplication, and may be a
luxury in some applications. The basic algorithm re-
quires buffer storage at each matrix multiplication, the
extent depending upon the factor 7 being extracted and
the position of the matrix in the sequence of matrix
factors. The minimum buffer length has not been as-
sessed; however, the maximum is clearly 2N words.
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FTLOOP 20:27 THURS., 07/11/68 FQUATIANS OF THE FAST FBURIER TRANSFARM,
FAR Nz 16z 2 %2 %2 %2
EQUATIONS OF THE FAST FOURIFR TRANSFORM, ZC2, 1) = ZC 1, 1) + ZC 1, 9)*W( 0)
FBR N= 6= 2 %3 Z(2,2)=Z(I,Z)+Z(l,ln)tw(0)
ZC 2, 3) 2 70 1, 3) + 7¢ 1,11)%4C 0)
+ 70 1, A)%NC 0) ZC 2, &) = 7C 1, 4) + 7 1,12)s4¢ O)
+ 70 1, S)*NC 0) 202, 5 = 720 1, 5 + 7( 1,13)*4( 0)
+ 701, 6)%WC 0) ZC 2, &) = ZC 1, 6) + 7¢ 1,14)%N( 0)
+ 20 1, A)XNC 3) ZC 1y TY + 7C 1,15)%0C 0)
+ 201, 5)%NC 3) 1, B) + 7C 1,16)%N( 0)
+ 7C 1, €)*xW( }) Iy 1)+ 2C 1, 9)%xW( 8)
1, 2) + ZC 1,100%4C¢ 8)
1, 3) + ZC 1,11)%9(C 8)
TC3, 1) = 2C 2, 1) + 2C 2, 2)%W( 0) + 7( 2, 3)*W( 0) I, 8) + 7C 1,12)%W( §)
2C 3, 2) = ZC 2, &) + 70 2, S)EWC 1) + ZC 2, &)x¥( 2) Iy 5) + ZC 1,13)%WC &)
7C 3, 3) T TC 2, 1) 4+ 70 2, 2)%W( 2) + 7( 2, 3)*N( &) I, 6) + 7C 1,12)%W( 8)
7C 3, A) = 7C 2, A) + TC 2, )XW 3) + 7( 2, 6)*W( 0) Iy, T+ 70 1,15)%u¢ 8)
7C 8, 5) 2 202, 1)+ 7 2, 2)xW( &) + Z( 2, 3)*W( 2) 1, 8) + ZC 1,16)%W( R)
ZC 3, 6) = TC 2, &) + 20 2, NXHC 5) + Z( 2, Q)xW( &)
ZCX, 1) = 7¢ 2, 1) + 70 2, 5)%uC 0)
7€ 3, 2) = 7¢C 2, 2) + 7¢C 2, R)XW( O)
ZC 3, 3) = 7C 2, 3) + 7¢C 2, TY*x4¢ n)
703, &) = 702, &) + 7( 2, RY*W( 0)
7203, 5) = 702, 9) + 72C 2,13)%4( 2)
EQUATIONS 8F THE FAST FAIIRIER TRANSFORM, ZC 3, 6) = 70 2,10) + 7€ 2,14)%W( 4)
FBR Nz 8= 2 %2 %2 ZC 3, T = 7 2,11) + 7C 2,15)%4( 4)
703, B) = 70 2,12) + ZC 2,16)%N( 4)
TC2, 1) 2 ZC 1y 1) + TC 1, S)%WC 0) ZC 3, 9 = 702, 1)+ 72, 5H)*N &
7€ 2, 2) 3201, 2) + 2C 1, §)*W( D) ZC 3,10 = 702, 2) + 7¢ 2, §)*N( R)
ZC2, 3) 2 ZC 1, 3) + ZC 1, T)*NC Q) 7C 3,01y = 702, 3) 4+ 7¢ 2, Ty=W( R)
2C 2, &) = 7C 1, &) + 7C 1, 8)*W( 0) ZC3,12) = 70 2, &) + 7¢ 2, RY*N( R)
7C 2, %) = 7C 1, 1) + 7C 1, S)*W( 4) 70 3,13) = 7¢ 2, 9) + 7C 2,13)*W(12)
702, 6) 2 7C 1, 2) % ZC 1, 6)*H( &) ZC 3,14) = 7C 2,10) + 7¢ 2,14)%W(12)
ZC2, 1) = 201, 3) & 2C 1, TH*W( &) ZC3,15) = 70 2,11) + 7¢ 2,15)%4(12)
ZC 2, 8) = 2C 1, &) + ZC 1, B)*WC A) ZC3,16) = 70 2,12) + 7¢ 2,16) %W (12)
TC 3, 1) = ZC 2, 1) + 7 2, 3)*4C 0) 7C 4, 1y = + 70 3, 3)x¥( 0)
7¢ 3, 2) = 7 2, 2) 4+ 7( 2, 4)*xN( 0) 7C 4, 2) = + 70 3, &)xw( 0)
7203, 3) =702, %) + 202, H*NC2) 7C 4, 3) = + 703, THI*NC 2)
70 3, 4) = 7C 2, 6) + Z( 2, BI*N( 2) ZC 4, &) = + 70 3, BY*W( 2)
2C 3, 5) = 7€ 2, 1) + ZC 2, 3)*W( 4) 7C 4, 5) = + 70 3,11)%UC &)
7203, 6) = ZC 2, 2) + Z( @, A)*W( 4) Z¢ 4, 6) = + 20 3,12)%W( &)
7C3, T 2 702, %) + TR, TN 6) ZC 4, D = + 70 3,15)%9( 6)
703, R) = 7( 2, 6) + 7( 2, RIXN( 6) ZC 4, 8) = + 70 3,18)%W( &)
ZC 4, 9) = + 70 3, 3)%WC 8)
ZC 4,10) = + ZC 3, A)*W( B)
72C 4, 1) = 2CS, 1)+ 208, 2)s8( 0) ZC 4,11 = + 2C 3, TH*W(10)
2C A, 2) = 7C8, 8) + 7208, IXNC 1) ZC 4,12) = + 20 3, 8)*N(I0)
70 4, 3) = 703, %) + 7C 3, 6)%W( 2) ZC 4,13) = + 2C 3,11)%9(12)
70 4, &) = ZC 3, T + 7C 3, BIXW( 3) ZC 4,14) = + 70 3,12)%W(12)
ZC 4, 5) = 703, 1) + 70 3, 2)%UC 4) 72¢ 4,15) = + 70 3,15)%4(14)
70 4, 6) = 72C 3, 3) + 7C 3, A)*N( }) ZC 4,16) = + 70 3,18)%W(14)
7C 4, T = 7203, 5 + 7( 3, 6)xW( §)
ZC A, 8) = 7C3, T) 4+ ZC 3, B):WL )
(a)
ZC S, 1) = ZC 4, 1) + 2¢ 4, 2)%W( 0)
ZC 5, 2) = ZC 4, 3) + Z( 4, A)®W( 1)
EQUATIANS AF THE FAST FOURIER TRANSFARM, e 3; I 3; : g: 3 g)::§ 5
FAR Nz 157= 3 x5 o D =zCa, s BIeWC 3)
ZC S, 5) = 7C 4, B) + ZC 4,10)%WC &)
ZC2, 1) 2 ZC 1, 1)+ 2C 1, 6)RWC 0) + 2C 1,11)%W( 0) A 's’; D :'}3 Tz :'::;::(( :;
72, 2) 2 2C 1, 2) + 7C 1, T*UC 0) + 7¢ 1,12)%8C 0) 7050 B) = 7¢ A015) + ZC AL16)%NC Ty
ZC 2, 3) = ZC 1, 3) + 7( 1, B)*WC 0) + 7( 1,13)%N( 0) 7C 50 8 2 7 a0 1) + 7¢ 4° 23WC 8
ZC 2, 4) = 720 1, 4) + ZC 1, IRV 0) + 7C 1,14 %4 0 ZC5010) = 7¢ 40 3> + 7¢ 4" aysW¢ 95
ZC 2y 5) = 70 1, 5) + 7 1,100%WC 0) + ZC 1,15)%UC 0) ZC5001) = 7¢ 4" 55 + 7¢ &) &rawcio
ZC 2, 6) = ZC 1, 1) + 7C 1, 6)%4( 5) + 7Z( 1,11)*9(10) ZC502> = 704" 1 4 7¢ 4" Ryewcll)
02, 7) 5 701, 2) +. 70 1, H#UC S) + 70 1,12)%4C10) 7C 5113) = 70 4, 9) + TC 4,10)%9(12)
2C 2, B) = 70 1, 3) + 7C 1, )*WC 5) + 7C 1,12)*¥(10) 7050 = 70 2 11 1 7¢ 8 1oaci o
ZC 2, 9) = 70 1, &) + 7C 1, 9IKWC 5) + 7( 1,1 )%0(10) 70 815) = 7C 4013) + 7C 4 14)=WC14)
ZC 2,100 = 2C 1, 5) + ZC 1,10)%WC 5) + 7¢ 1,15)%4(10) 70 518 = ZC 4015) + TC 4 16)%W(15)
ZC 2,01 = 2C 1, 1) + 7C 1, €)%dC10) + ZC 1,11)%0C¢ 5) ' T IO 4,15 + TC 4,16)
ZC 2,12) = ZC 1, 2) + 70 1, TI*W0) + 7¢ 1,12)%UC 5)
ZC2,13) = 7C 1, 3) + 7C 1, RIXNCIN) + 7C |,13)%NC 5)
ZC 2,14) = 7C 1, 4) + 70 1, 9I%W(10) + 7( 1,14)x4( 5)
ZC 2,15) = 70 1, 5) + ZC 1,10)%W(10) + Z( 1,15)*4C 5)
ZC3, 1) 2 702, 1)+ 2¢ 2, 2)%NC 0) + 7¢ 2, 3)%WC 0) + 7¢ 2, A)xU¢ 0) FRUATIGNS 3; THE FAST FOURIER TRANSFRM,
+ 70 2, 5)y%xuC 0) SR N=27= 3 %3 %3
= o ! 2 ¥
z¢ 51 ;z é'fé)i;}(s:; ZC 2, H*WC 1) + 720 2, RI*UC 2) + 7( 2, 9)*U(C 3) ;s Z‘ ;; = :, |?> + 2C l.lon:( g) + 7¢ :’l:;'% 2)’_
3 3y o " " . 20 2) T 701, 2) 4 ZC 1, 11)%WC 0) + 7C 1,200%4( 0)
¢ K; ;z a'fi,i‘;il;)i- ZC 2,12)%WC 2) + ZC 2,13)%W( 4) + 7( 2,1)*Y( &) ;E g. 3; = ;( 1, 3) + %( :,;%):w( 0) + ;: :,g;;t:’l( g;
3, 4) = A » W TP ZC 2, 4) = 7C 1, 4) + ZC 1,13)%W( 0) + 7( 1,22)%W(
7.C x; ;z 2,2;)3.W(};)+ ZC 2, 2)%N(C 3) + 7C 2, 2I%M( 6) + 7( 2, A)xW( Q) ;: ?’" 2; : 7¢ :. g) - :'{:),.:( 0) + ;: :';33.:’,( 2)
< . \ n oy (2, §) = y 6) + 70 1,15)%WC 0) + 7( 1,24)%U( D)
7¢ s; ;2 5}((»2‘,“5:; 2C 2, TIRNC &) + 7 2, I*XW( 8) + 7( 7, S)xw(|2) ;( 5' 7 - :' 7+ 7¢ :',2)*.,( 0y + ¢ 1,25y %4 05
sy = \ . ) (2, 8) = s 8) + ZC 1,1TH*WC 0) + 7( 1,26)%W( 0)
7¢ 3; ;z é'f;)ial(l;)d» ZC 2,12)%0( 5) + 7¢ 2,13)%(10) + 7( 2,14) %4 M) ;f ;'”9‘; : :' ?, ¥ 7 },m)w( 0y ,‘,‘U,g-,,.wlm
7y = \ e R ¢ 2, = s 1)+ 70 1,10)%9C 9) + 7C 1,19)*U(IR)
7( 3; ;: 5'7'; ia(‘é,* TC 2, 2)%9C 6) + Z( 2, RI(I2) + 7 2, LH*W( I) ;§ ;’;;; : : 32 M ;f !'ié”'b’i ;; + 70 }'??;‘."f(}m
Y N 20 12) = y 3 + 7 212)% + 7( s21) XU (IR)
144 31 ;: é,%)ih?i; ZC 2, TIXWC T) + ZC 2, RIKUCIA) + 7( 2, 9)*W( &) ;: ;’i:; : :, ;; M ;( },:i,,:( 9y + ;E }'gg).w(]g)
- ) wl > we o ¢ 2, = ’ + 70 1,1%WC 9) + 7( 1,23)%W(1R)
#e 3‘ ;: é.ﬁ;f&i'%f ZC2,1285C 8) + ZC 2130400 1) 4 2C 2,1 0% 9) Z: ;.:g; = :. ?; + 7.2 :.lz)xz( 9) + Z( :.g;)*:(m)
oy = u 7¢ 2, = . + 70 1,16)%WC 9) + 7( 1,25)%U(18)
7¢ 3;122 Azg)&(x;; ZC 2, 2)%WC Q) + ZC 2, IRYC 3) + 7C 2, A)%NCI2) ;f ;‘:;; - i' 2y + 7( ;,1;”'«( ) + 7( ;';?‘H“R)
'y o - l % = s )+ ZC 1,18)%WC 9) + ZC 1,2T)%UCIB)
44 34,'1;: é.;":»)it'o(f:v>+ TC 2, TIXWCIO) + TC 2, RIXW( 5) + Z( 2, SI*N( 0) ;E ;';:; : :' ;) M ;‘ "{?3‘3“5) MES :';93“( 8
N ” we 7 " ,20) = P 2) % ZC 1, 11)%NCIB) + 7C 1,20)%W( 9)
7¢ 31132 5}:)2&‘(“)* ZC 2,12)%UC11) + 7¢ 2,13)%NC T) + Z( 2,14)*N( 3) ;: ;'Eé) : =. SO l’ﬁw}'““ T :';;)‘:( 3
RS 2 2,22) = s A) + 70 1, I3)%CIB) + TC 1,22)aW( Q)
7¢ 3;1;3 Az;)ﬁ(l;; ZC 2, 2)%W012) + 7C 2, 3I*UC 9) + ZC 2, )W 6) ¢ ;,;r DIl 3+ 701, 1sutR) + 7¢ Li2$)auc 9)
z o 7( 2,24) = ) 6) + 70 1,15)%WC18) + 7( 1,24)*W( 9)
144 3;12 2'12:.)5',“6’)”+ 7C 2, TIRWCI3) + 7C 2, BIXWCIL) + ZC 2, 9I%UC ) ;: g';:; : :. MM 1.1:)#4(:5) M 1,;5):»« R
3 27 2 » « 2.0 2,26) = s B) + 70 1,17)%NC18) + Z( 1,26)%W( )
4 ll;z 2.1;):;’2”)4 70 2,12)%9C14) + ZC 2,13)%9C13) + 7( 2,18)%W(12) 7¢ 2057 - 1095 4 2¢ 11818y + 2¢ 1 aTeue 93
(b) (d)

Fig. 3. Sample equations of the fast Fourier transform.
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702, 2) + 7¢ 2, TN TC 2, 12)%u1M)

702, 3) + 7( 2, RyXW(20) ) RUC)N)

702, &) + 7( 2, )I*W20) Ay =Winy

ZC X, 1) 2 702, 1) + 70 2, A)*NC 0) + Z( 2, DIV O)
703, 2) = 702, 2) + 70 2, S)EWC 0) + 7( 2, RIXWC 0)
703, 3) = 7C 2, 3) + 7¢ 2, §)AWC 0) + 7C 2, XU 0)
7C 3, 4) 1 20 2,10) ¢ TC 2,13)#WC 3) & TC 2,16)%W( K)
703, 5) 3 ZC 2,11) + 70 2,104 3) + 7( 2,17 %9 6)
70X, 6) = 7C 2,12) + T( 2,15)%W( 3) + 7( 2,1R)*4( &)
7C 3, T) 3 ZC 2,19) 4+ 7C 2,22)%( 6) + 7( 2,25)xN(12)
703, 8) = 70 2,20) + 7( 2,23)%W( §) + 7.( 2,26)%xW(12)
ZC 3, 9) = TC 2,21) + ZC 2,24)%W( 6) + Z( 2,27)«4(12)
ZC 3,100 = 7C 2, 1) + 7C 2, A)¥W( 9) + Z( 2, THI*UCIR)
ZC3,11) = 70 2, 2) + 70 2, SI*WC 9) + 7( 2, VD*W(IB)
7C 3,12) = ZC 2, 3) + 70 2, 6)*NC 9) + 7( 2, )*W(IR)
ZC 3,13) = 70 2,10) + 70 2,13)%9(12) + 7( 2,16)%x4(24)
ZC 3,14) = 7C 2,11) + 7C 2, 1A)*W(12) + 7( 2,1 T)*4(24)
ZC3,08) = ZC 2,12) + ZC 2,15)%W(12) + 7C 2,1R)*4(24)
ZC 3,16) = 7€ 2,19) + %0 2,22)2W(1%) + 7( 2,25 %9 3)
ZC3,1T) = 20 2,20) + ZC 2,23)%W(15) + 7( 2,26)%U( 3)
ZC3,18) = 70 2,21) + 70 2,28)%49(15) + 7( 2,27)%4( 3)
ZC3,19) = 70 2, 1) + 70 2, A)*V(I8) + 7( 2, TI*U( 9)
ZC 3,20) = 7C 2, 2) + 7C 2, 3)ANCIR) + 7( 2, R)%U( 9)
ZC3,21) = 7C 2, 3) + 70 2, 6)RUCIR) + 7( 2, I*W( )
2C 3,22) = 70 2,10) + 70 2,13)%8(21) + 7( 2,16)%V(15)
20 3,23) = 70 2,11) + 7¢ 2,10)%4(21) + 7( 2,1 TI*NC15)
70 3,24) = 7C 2,12) + 70 2,15)%9(21) + Z( 2,1R)%N(15)
70 3,25) = 7C 2,19) + 70 2,22)*x4(24) + 7( 2,25)%V(21)
70 3,26) = 7( 2,20) + 7( 2,23)*W(24) + 7( 2,25)*U(2]) ZC A, 1) = Z0 3, 1) + ZC 3, 2)%4C 0) + 7C 3, Z)¥WC N) + 7( 3 yxUW( Ny
7.0 3,27) = 7C 2,21) + 7C 2,24)%N(24) + 7.( 2,2T)%W(21) + 5, Syewe ny " o o o
’ 703, 5 )
ZC A, 2) 3 TC 3, R) 4+ ZC 3, TIRAC 1) + TC 3, BIKUC 2) + 7( 3, I*NC 3)
+ 70 3,10)0C 4
720 4, 1) = + ZC 3, 2)%WC 0) + ZC 3, 3)*NC 0) 7C 8, 0 ='%¢ .’::H))+ TCO3,I2)KNC 2) + 70 3,130 &) + 7C 3,14)xUC 6)
7C 4, 2) = + 703, SHXVC 1) + 7¢( x 6)%M( 2) + 70 3,15)%W( )
ZC-4, 3) = + 70 3, BYXW( 2) + 7( 3 QxRN 4) 7¢ A, &) = 7( 3,1<f + 7O R ATIRVC 3) + 70 3LIRIRWC 6) 4+ T 3,19k )
7C 4, &) = + 70 3,11)%4C 3) + ZC 3,12)%9C §) + 70 3,20)%1(12) )
7¢ 4, 5) = + 70 3,14)%¥( 4) + 7C 3,15)%N( B) 7C A, 5) = 70 X,20) 4 7( 3,22)%WC &) + Z( 3,23)xW( R) + 7( 3,20)xN(ID)
7.C 4, 6) = + 703 ITIRHC 5) + 7C X, 1R %NC10) + 70 3,250% '(18) o ’
70 4, Ty = + 70 3,20)%WC R) + 7( 3,21)1%W(12) 7O A, &) z 7( X 79) 4 7( 3,2T)RW( 5) + 7( X, PRY&N(IN) + 7( 2AYR(]S)
;E :. 2; z + 70 3,23)%NC T) + 7( 3,2a)%u(14) + 70 3,30%7 ¢y B e
7.C 4, 9) = + 70 3,26)%W( ) + 7( 3,2T)*N(16) 724, D 7¢s, 1)+ : X, w12 7 SEPIgE
;( 4,10) = + 70 8, 29%4C 8) + 7C 3, 3)*WC18) +7cs, Syaicray (LT BIRHEE 4 TCI AR & TS, HHAD
Ca,11) = + 70 3, 5)XWCIN) + 7( X, KIXV(20) 7C 2, R) 27X, &) + 7 7¢ 2 a o
7¢ 4,12) = + 70 30 BreNCI1) 4 70 T S)EN(PD) 173, |‘n)*f,(g;)z) PR TIHICT  TC3, RMUAD + 703, DD
7C 4,13) = + 70 3,11)%WCI2) + 7( X, 12)%W(24) 70 4, 9) = 70 3,010 4+ 70 Z,02)%NC R) + 7¢ R, 000Y(18) + 7( T, 1A KV(DA)
7C a,14) = + 70 3,14)%x9C13) + 7C X,15)%W(26) + 70 3,15)%9C 2) !
ZC 4,15) = + 20 3, 1TIRWCLA) + 7C 3,19 %W 1) 70 4,100 = 70 3,16) + ZC 3,1TH*4( O) + Z¢ I, IR)I*N(1E) + 7¢ 3,1)*x¥(2T)
;§ :'}?; = + 70 3,20)%W(15) + 7C 3,21)%4( 3) + 70 3,20)%7( 6) ’ o * ’
’ H + 70 3,23)2W(16) + 7( 3,240 %4C 5) 7.0 A,11) = 72¢ 3,2 7 22) % z 2,24y %Y
;§ 2,:;; - + 70 30263%901 7Y + 7¢ 3T 7 P, ?5)*;’(.11;)4» 7C 3,22)%WC10) + Z( 3,23)%U(20) + 7( 2,24)*4( 0)
A% = + 70 3, 2)xWCI8) + 7( 3, 3)*Y( 9) 7C 8,12y = 7¢ .2 7 27y ooy %
;: :,g?) = + 70 3, SHEWCIS) + 7¢ 3, 8)eUCI ) 1172 3, x;).3r<f:)+ ZE32TRUCLD + ZC 3, 202U + 70 3,202 3)
y21) = + 70 3, BIXW(20) + 7( 3, 9)*W(13) 7C 4,13) =" 7¢ 1 + 2% 7¢ 3, 3y 3 4
;f :'gi; = + 70 3, 1AV + ZC 3122 %W(15) +7¢ 3, 's)x-'u:,;) TO3, M2 4+ 205, HIMEP + 70T, HICH
923) = + 70 3,14)%xW(22) + 7C 3,15)%9(1T) 7¢ 4,14) = 7( 2 )y + 3. TyxuCR 7¢ x WMo 20 T 9y
;E :.g;) = + 70 3,17)%4(23) + 7( 3,1R)%M(19) L7 m).“?a, TO3, TIRUAD 4 7O, DRUEE) 4 70 T, 9)xUC N
$25) = + 70 3,200%9(28) + 7C 3,21)%4(21) 7¢ 4,15) ='7 1 o+ P P z w
7¢ 4056 - 2030 sy 1 26 3k eicas A 15)*w<;é) ZC3,12)%NC14) + Z( 3,13)%0(28) + 7. 3, 14)*¥(12)
16 4,27 = + TC 3,26)%9(R6) + Z( 3,2T)*(25) 70 8,16) = 70 X,16) + ZC 3, ITI*NCIS) + 7C 3,1R)%WC Q) + 7¢ 3,19)%W(15)
+ 70 3,200%0C 0
(e) TC A4,17) = 7( 3,21) + ZC 3,22)%C16) + 7.¢ 3,23)%NC 2) + 7( 3,24)%W(|R)
+ 7¢C3 ?S)t'd( 4)
FOUATIONS a; THE. FAST FAURIER TRANSFORi, z¢ A.I;z : ::‘ 3,26) + Z( 3,2T)%UCITY + 70 3,28)%W(C 4) + 7. 3,P0)%4(2])
H=30:= 2«3 5 + 7 ~):xl./(yz)
zC 4,19 =78, o+ 1C 3, 2% + 3, 3
7¢ 2, 1 + 70 1,16)%4( 0) 1703, sysuaey » BITHUB + 705, DACE) + 70 3, Hxu28)
7¢ 2 1 + 720 1,1T)*NC 0) C 4,20) = 3, &
434 ! TR IR A : 12 : lZ:‘)“”:)«t ZC 3, THI*UCII) + ZC 3, RIXW( B) + 7Z( 3, S)%W(2T)
ree, ! IO LS 0 ZCA,21) = 7C 3,11) + ZC 3,12)%9(20) + 7¢ 3,13)%4C10) + 7¢ 3,14)%4( 0)
e R AT SENERIS
72, | + 70 1,22)%49C 0) 7C4,22) 220,10 4 20 3,110 + 7C 3,18 U2 + 70 3, 19%8C 3
7¢ 2, 1 + 20 1,28)%0C 0) + 70 3,20 %4(24)
7¢ 2, 1 + Z( 1,24)%W( 0) TC 4,23) = 70 3,21) + ZC 3,22)%W(22) + 7( 3,23)%W(14) + 7( 3,24)%4( &)
7¢ 2,1 1 20 1,25 R0 M + 70 2,25) %2Ry ' o
2 2,1 1 + 7C 1,26)%W(C D) 7C 4,28) = 70 3,2R) + 3,2 (2 Pi ,
oo ! P H L o o R ;) ZC 3,2TH*9(23) + 7.0 3,2R)=W(16) + Z( 3,29)%4( 9)
ZC 2,113 1 + 7C 1,28)%4( 0) = Weo
RN ! N4 |:7§wu Y 7¢ 41232 : 7;):‘“1;)+ ZC 3, 2)%N(24) + 7C 3, 3IXW(IB) + 7( 3, A)xu(12)
¢ 2,15 1 + 70 1,309 0) S
7 e P H Dlowas z¢ 41253 H fé)ia(}e%)4 ZC 3, TH*NR5) + 70 3, RIXW(20) + 7( X, 9)%(15)
ZC 2,1 7C 1 + 70 11T WL S) ; ’
ZCA8) - TC 1L 3 + 20 118y %415 Z0 4,27) =2 70 3,11) + ZC 3,12)%0(26) + 7 3,13)%0(22) + 7¢ 3,14)%4(18)
T 2,19) = ZC 1, 4) + ZC 1,19)%W(15) + ZC 3,19)«W1
702,200 = ZC 1, 5) + ZC 1,20)%4(15) ZC 4,28) = ZC 3,16) + 70 3,1T)*M(2T) + 7C 3,18)%M(24) + Z( 3,19)%4(21)
2C2,21) = ZC 1, §) + 7C 1,21)%9(15) + Z¢ 3,300x8013)
ZC2,22) = ZC 1, ) + 7C |,22)%4(]15) 7 4,29 = ZC 3,21 + 22) %W * geo
BRI I D AR E O (4, i "5)*":'%72) ZC 3,22)*%U(28) + 7.0 3,23)%W(26) + 7.( 3,24)%4(23)
70 2,20) = ZC 1, 9) + 7C 1,20)%U(15) - &
T 20355 2 ZC 1910) 4 ZC 125 %615 &S 4;332 : Z'f) <‘.'9.§) FOLO 3,2THHN20) + 7.0 3, 2R)*W(2R) + 7.( 3,25)«M(2T)
ZC 2,2R) = ZC 1,11) + ZC 1,28)%M(15) Fp3D =6
TC 2,27 = ZC 1,12) + ZC 1,37T)%49C15)
70 2,08) = ZC 1,13) + 2 1,27)%(15) (g)
70 2,29) = Z( 1,14) + ZC 1,29)%4(15)
20 2,30) = ZC 1,15) + ZC 1,30 %9(1S)
2702, D o+ 20 + 202,000 0)
202, )+ ZC 20 2,020 0)
= 702, 3) + Z¢ + 20 2,13)="0 !
T L2, M)+ 7C ) + ZC 2,100
T TR, 5) 4+ TC 2,1N)%0 Q) + I6 2,15 =40 M)
D 20208 + 7 2, P2DAIC S+ FC 2,260 01
= ZC 2,17 + Z(C + ZC 2,0 N1y
T 20 2,18) + IC T + Z( 2,28)«u0]ny
S 202,18 + 7¢ + 70 2,79
= ZC 2,20 + ¢ + 70 2,30)%M(1N)
=72, 1) + 7(C ﬂ)*"'(l") + 70 2,1 1)%(een)
T 702, 2) + 7( TIRWCIN) + Z( 2,12)%0(PD)
S 702, 3) + 70 2, BIKIUIN) + 7( 2,13)xN(20)
T 72, A+ T 9., DyEWCIN) + T 2, 1A =M (20)
T ZCD, S5) + 70 2,1M*NCIN) + Z( 2,151 %2(0D)
= 2 2,158) + 7( 2 91)«!.1(15) + 70 2,2R)%N( N)
T 20 2,17) + 7( 7 + 7C 2,2T)yxw( N
T 70 2,18) + 7( + 70 2,2 )
T 70 2,19) + 7( 7 +
= 70 2,20) + 7( + 7
2, 1) % 7C 7 ﬂ)*'l'(?“) + 70 2,111
+
- +

" H + 7

ZC ’5,25) = 70 2, 5) + 70 2,10)%N(20) + 7( 1%)-!4(](‘)

70 3,26) = 70 2,16) + 7( 2,21)%N(25) + 7( 2, "<\w’(9ﬂ)

7C 3,27) = 70 2,17) + 7( 2,22)%9(25) + 7( 2,?7.\*‘”?‘(‘)

7C 3,28) = 70 2,18) + T( 2,2X)%U(25) + 7( 2,2R)%W(2N)

T X,29) = ¢ 2‘.,19) + 20 2,24)xW(25) + 7( 2,29)x4(2M

70 3,30) = 7€ 2,20) + Z( 2,25)%N(25) + 7( 2,30 *W(20)

(D
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LISt SPICTROM o o v o o o o o o o s
X SCALE FACTAR = +78125 UNITS/DIV

FFT 2019 THURS. 07/11/68 ¥ SCALE FACTAR = +00125 UNITS/DIV MID/SCALE

000 031 062
100 INTEGER GAMMA,SPACR,S,V,6,11,0,Fl,F2,F3,F4,F5,F6
110 DIMENSION Z(512),A(512),4(256),Y(256) Y WLUE X VALUE /evue/enee/unee/unes/enseloneesonessvenss vanelaess?
120 TFILE NAPL AT, FTRO/FTNI/FTD2/FTN3/FTDA/FTNS/FINE/FTNT/FTNR/FTIO .0000, -50,00-X
130 READ (2,11) NI, TI,SW1;IF(SWI)A1,31,41 0015, -as.22- ~

1 40 ‘!'PH"T 32

150 INPUT,N,SPA ":'P"I

160 Fi= l/M/<PA{‘F-F’2‘

170 F5= ?*‘H+5M)/‘HO FRz (2%N+5) /R+M=N/2: K] =510 0073,
AR /LARC2)+, 1 s NI=N%2 e 3 S=

190 TF(-SW]) 71:D08 62,.=1,F2: IF(J=-F?) RA4:K]lzNkSPACTXF]=(F2-])%5]1

FAN(2,71) (A(X),¥=1,K1)s N §2,121,510

Yz\4+1 s TR (U-4%SPACE%T]) 61,61:1.=51N:(ATA &2

220 K1 ¢IF(AMAR(Y=],SPACK)) 62,68 ,5263 ¢ F3=AMAN(F3, M)+1

230 7(PxkFR=])=7(2%FR=])+A(1) s .

240 AATA 72371209 72,021 ,F53IF(J-F5) 773Kl =NkSPACE*F]%x2= (F5=1) %511

250 TT:NEAD(2,R1) (A(K),K=1,KI)3Da 72,L=1,510

260 VzV4+] 3 IF(V-2%SPANEx Nk T]) 75,76:L.2510:6ATH 7?,:76:N2:AMHD(V-1‘,2*SPACE)

270 IF(N2) 74,733,743 73:F3=AAAD(F3, H)+] $Z(2%F3-1)=Z(2%xF3=-1)+A(L)

280 GATA 7237A:IF(N2-1) 72,75,72375:7(2%F3)zZ(2*F3)+A(L); 72

290 DA 91,Jd=1,:: W) =CAS(PHI*(J=1))

IAM(SIN(PHIRCI=1)),,5=-84Y])

310 np 101,J s FAMMA

X220 DA 11L,LL1=0, ?’D"l 1,L=1,

330 I"*H?*(Ll-l)*D K= 9*AMGD(L+(LI 1)xD*2, ‘l)'U K+2.%

340 Gz (L1=1)%D+]

350 ﬂl‘?(']-l)*N(P)-Z(II)tW(GH‘I):R2.7,(|l-l)t‘l(ﬂ+M)+Z(U)*‘«'(G)

360 ACI=-1)=Z(K-1)+B1:ACI) =Z(K)+R2

370 ACI+N=1)=7(X=1)=Bls11]12ACI+N)=Z(K) =B2

380 D=D/2+S=5%2

390 DA 10],.0=1,83%210127.C.D=ACD

400 hp IAI,,I-l,'l-ldl:V(Aﬁ'!D(.H-m-l,N)+l)'SQRT(7(?tI 1) 247(2%1) t2)/F1/N

410 PRINTT+sPRINT 151N 194,021,194 (J)=(.J=M=1)*PELFsPRINT 152

420 PRINT?:D2 IS!,J:FA,M:IF(Y( 1=1)) 171,173,171

430 1TLSPRINT 172,W(2%.1=1),Y (2% J=1) ,CkLARCY(2%,]0=1)),3(0T? 142

440 173sPRINT 174, ,W(2%.0=1),Y(2%J=1),:1R2: IF(Y(2%1)) 181,127,181

450 1RISPRINT 172,W(2%.0) ,Y(2%.)) ,CxLAGCY(2%.1)): ROTO 161

N, Tl"‘?T" 42341 PRI”T 43,N1,Tl342:PRINT 51:PRINT 62, .2230, -4:.44- x
5,2231853/N:C= 90/LW'(IO) DELF=1/%/T1/SPACH «0044,  -47,66-

X
0056 -46,87-
N1+509) /5103 Fa=N/A+] 0065, e %

-45.31-

¢3¢ X X X

460 IB2:PRINT 174,W(2%.)),Y (2% 31612 XX
470 WRITF(1,192) I3WRITF(1,193) N X
480 WRITE(1,196) (W(.D, =1 ,N)sWRITECI,196) (Y(J),J=1,N) X
450 WRITE(I,201):ENDFILE 1:REWIND 2. WRITRE(2,11) N,DELF,]1-SWI X
500 WRITE(2,R1) (7(K¥),X=1,M3)sENDFILF 2 X
510 PRINTT1:PRINT 202 nFLF R~
520 323 FARMAT(6HINPIT:,]S,221 REAL SAPLES; PERIQD ,Fe,4,K1 NINITS) x
530 AX: FARMAT(GHINPIIT:,T5,25H CAMPLEX ‘:.Arwu-'qg pwnvqn F LA,S1 NNITS)
540 51:FARTIAT(SBHIAN MANY COMPANENTS N, ARE DESIRED AND THAT SHaNLD
550 +BE THE INTERVAL )
560 52: FARMAT(26H 8TTWESN SAMPLES, SPACE) X
570 1512 FARMAT(X, THSECONDS, 3X,SHAMPL 1TinE »4X, SHPAWER, 9X, X
SRA +RH SECANNS xx QHAMPLITIDE, X, SHP GUER) X x
500 1523 FARIATCTH OR CPS, 6X, 'mxnooo PX,24DB, 11X,6HAR CPS,8X,51X10NN, X
800 +RX,2){DR) X
610 1721 FIRMAT (FR, 3 »X,3PF10,4,2X,0P78, 3 gx> 81 ¢ FARMAT(6EL1,S) X
620 1742 FORMAT(FR 3 x 3PFI0,4,5X,24--, l X
630 BRMAT(AF10.45 201 < FARMAT (31 S"FCTRHM I ) X
640 1922 FORMAT(I1)319%: FORNAT(IR) 1| : FBRMAT(14,FR,4, I X
€50 202: FORMAT(ISH  THE INTERVAL 1S ,F10,6,7H UNITS,) X X
660 END X
Fig. 4 Fast Fourier transform program for radix two. X
X
x_x
FFT 19:35  THURS, 07/11/68 « X
X
INPIIT: 1280 REAL SAMPLES: PERIOD L0010 UNITS x X
HOW MANY COMPENENTS, N, ARE DESIRED AND WiAT SHOULD BE THE INTERVAL x
BETWFEEN SAMPLES, SPACF? 128,10 x
X
X
X
SECANDS  AMPLITUDE PAYER SECANRS  AMPLITIIDE POWER X
AR CPS X1000 DB OR CPS X100 DB
.000 62,500N0 -24,0R2 %1 62,1054 -24.137 X x
1.563 &0,9304  -24,303 2,344 50,0011  -24.583 x
3.125 56,2603  -24,9%1 3,908 52,0661 -25.594 X
4,688 49,1909 =26,1A2 5,4R9 44,2193 -26,971 X
6,250 Ao.naﬁs -27.949 7.N3| u,fx'lm -22,126 ;
7.813 29,7053 -3n,543 2,504 24,3553 =32,268 X
9.275 19,0305  -34,411 10,156 13,8369 =37.17° X
10,937 R.RT45 -41,037 11,719 4.2350 -47,463 X
12,500 .NN0n -2n2 378 13,2R] 3.7611 - 49,499 X
14,062 6,9026  -43,1Nn7 14.844 9,6537  -an,306
15,625 11,7189 -3%,622 16,408 12,1783 -37,602
17,187 14,039 =37,n53 17,962 14,3223 -1A,380
1R, 750 14,0621 -37,039 19,531 13,3072 -27,51¢
20,312 12,1185  =-3R,332 21.094 10.55%4 -33.528
21,875 8.7080 -41,202 22,656 6.6451 -43,550
23,437 A, 4519 -47,029 24,219 2,2104 =53,111 X
25,000 .NNNN =201, 690 25,781 2.1045  =5%,5%7 X
26,583 4,n350 -47,233% 27.344 5,7321 834 X
28,125 7.1464  =42,918% 27,908 L2395 %] ,682 ;
29,RR% 2,9862 -4n,928 3n, 89 9.3720 -41,563 X
31,250 Q,396N0 -4n,54] 32,031 9.0635 -A0 R A X
32,813 R,4150  -41,499 33,594 7.4658 539 X
34,375 6§.,2639  -44,063 35,155 4,8592 28¢
35,938 3,3072 -49,411 34,719 1.R€77  -55.560
37,500 .0N00  -210,033 38,281 1.6336  =55,737
39,063 32,1753 -49,964 39,844 4,5711  -45,800
40,625 5.,772R -44,772 41,406 &,7400 -4%,427
42, 1RR 7.440%  -42,568 42,969 7.R532  -42,099
43,750 7.9656  -41,976 44,531 7.7769  -42,184
45,313 7.296%  -42,737 46,054 R,545] =43 ,682
46,875 5.5510  -45,113 47,656 4,3522 -47,226
48,438 2,9933%  -50,477 49,219 1.5246  -56,337 ;
X
X
THE INTERVAL IS . 781250 UNITS, L0065,  46.09- xx
.0058,  46,87- X
.0044,  47,.66- X

.0030, 48,44~ X
«0015, 49,.22- X

Jeseelessslesne/0sesle00slo0ssleenelsseel 0000l 000

AT LINF NA, 66Q: ST@® END ,RAN 692/6 SEC.

Fig. 5. Listing of square pulse transform. Fig. 6. Square pulse transform.



GLASSMAN: GENERALIZATION OF FAST FOURIER TRANSFORM

FFT

INPUT:

20:00 THURS, 07/11/68

HAW MANY CAMPANENTS,

RETWEEN SAMPLES, "SPACE? 28,1

SEC@NDS
R CPS

JNNO
020
040
060
<080
.100
.120
.140

620

AMPLITUDE
x1000

10000002
10000008
1000, 0020
1000,0001
.NN22
.N010
.0N23
.0nns
.0NNg
.n0ne
.0nts
0N16
.0n25
ANl
.00n7
L0008
.0010
.nn30
0012
.nNNs
0023
0n2n
0013
0002
00Ny
.0020
.0030
0016
L0011
0005
.0034
.0005

THE INTRERVAL IS

128 CAMPLEX SAMPLES; PERIAD

POWER
L]

-124,3n6
~114,402
-110,356
=11R RRD
-1268,754
~112.846
-114,124
-117,743
-132,407
-137,099
-114,010
-110,340
-116,180
=119,325
-126,457
=109,485
-125,57%

«009999 UINITS,

7813 UNITS
N, ARE DESIRED AND WHAT SHAULD BE THE INTERVAL

SECANDS
@R CPS

Q10
030
.N5n
.070
.nen
10

AT LINE N@, 660: STOP FEND ,RAN 433/6 SEC,

AMPLITHRE
x1onn

1000,0005
1000, 0019
1ann,nnys
Q99,997¢
.C002
.0017
0002
RO LITS
0N1s
.NINs
.NINg
.0N3n
Jn0nn
Jeto
ALY
.nnng
0055
.nnn3
.N01Q
.ante
.00N03
.N040
N013
.0nge
0024
Jan22
LNONS
0003
N014
.00N7
.N0A0
.0N1€

Fig. 7. Listing of restwred pulse.

PauVER
k]

.0co
.007
.09¢C

-.0C0

-135,611

-115,451

-113,676

-115,805

-116,50]

-126,7°0

-125,078

-11n,482

-175,465

-119,875

-124,189

-124,559

-105,172

-131.277

-114,422

-114,043

-129,501

-1N7,914

117,718

-114,637

-112,495

-113,012

-125.,%14

-131,633

-116,842

-122,598

-107,982

-115.675

SPECTRUM , . . . . . .

X SCALE FACTAR
Y SCALE FACT@R

01000 UNITS/DIV
«02000 UNITS/DIV MID/SCALE

000 500 1.000

LI L SRRV S TR SN CYTIY STTIY Sy Sy S Ry Sy
=e64-X
=.63-X
~.62-X
=.61-X
=.60-X
=.59-X
-.58-X
=e57-X
~.56-X

HAHHKHKHKHKHKN

R AT T TR Y Iy Sy Sy SO

Fig. 8. Restored pulse.
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A Scheme for Synchronizing High-Speed Logic
Part 11

HERSCHEL H. LOOMIS, JR., MEMBER, IEEE

Abstract—In this paper we concern ourselves with the problem
of obtaining high sequence rate sequential machines, machines which
are constructed from realistic devices to operate at an input sequence
rate which is independent of the machine complexity. To accomplish
this result we have only to show a construction to realize acceptably
synchronous devices from badly timed, restricted fan-in and fan-out
devices. Once a complete set of synchronous devices is obtained,
the results of Arden and Arthurs [1] apply and we know that any
finite state machine has a realization using these devices which ac-
cepts input sequence members at a rate which is characteristic of
the set of devices, not of the machine. The technique we propose for
achieving this result is to produce a lattice of interconnected clock
pulse sources called clock pulse propagators (CPPs). These devices
generate clock pulses which are acceptably synchronized with re-
spect to the outputs of neighboring CPPs but are not required to be
in synchronization with some machine-wide standard as in current
practice. Once it is established that such a network is possible, tech-
niques already known can be applied in the utilization of the clock-
pulses to synchronize logic and signals. Part I! of the paper concerns
the analysis of CPP networks, and Part II covers the synthesis of
sequential machines using CPP networks as clocking sources.

Index Terms—Badly timed devices, clocked logic, completeness
of synchronous logic, high-speed logic, maximum rate construction.

INTRODUCTION

N this part of the paper, we examine the use of a
lattice of clock sources in conjunction with badly
timed logic and storage devices (latches) to produce

Manuscript received November 4, 1967; revised August 4, 1969.
This paper is an extension of results reported in “A Theory of High-
Speed Clocked Logic,” presented at the 6th Annual Symposium on
Switching Circuit Theory and Logical Design, October 1965. The
work reported was supported by National Science Foundation
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H. H. Loomis, Jr., is with the Department of Electrical Engi-
neering, University of California, Davis, Calif. 95616.

! H. H. Loomis, Jr., and M. R. McCoy, IEEE Trans. Computers,
vol. C-19, pp. 39-47, January 1970,

a complete set of synchronous logic devices for finite
state machine synthesis purposes. The principal result
of this part of the paper will be to provide a set of suffi-
cient conditions for a set of badly timed logic devices to
be complete in the sense of Loomis [1] and a design
procedure for a clocked system. We will assume a lattice
of clock pulse propagators (CPPs) as defined in Part I
of this paper as our clock source, although the synchro-
nizing method does not depend on the use of this source.
Any source for which certain parameters can be bounded
will suffice.

We first develop the constraints on the construction
of the synchronous building blocks and on the physical
spacing of the clock pulse lattice; then we present the
theorem concerning completeness of badly timed de-
vices. The paper is concluded with the presentation of
a design procedure and an example.

GENERAL DiIscUssION

The systems in which we shall use the CPP lattice as
a clocking source shall consist of three elements:

1) the CPP lattice;

2) networks of gates which produce the desired
switching functions;

3) latch circuits which synchronize the outputs of the
gate networks with respect to the clock pulse
sources.

Let us first consider the operation of the latch, and
then we shall investigate the design constraints imposed
by our maximum rate objective. The latch has been
described in Maley and Earle [2]. It can be thought of



