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Chapter 32 Polynomials and the FIT

oy sy Ordinary multiplication e ¢ . L Coefficient
1'9. Wb, Time O(%) 0T el j{ representations
: ' [ §
Evaluation [nterpolion
Time (n g 0 Tisrse B lg m3
Ala,). Blad) claf,) | ‘;
Ala ), 3(@3 ) Pointwise multiplication o Cle Bl ¢ Pointvalue
Time O . § / representations
i
A(uéﬂ [)‘ B((?J!;” 1) {‘(0)2” 1§‘ J
;

Figure 32.1 A graphical outline of an efficient polynomist-muliiplication process.
Representations on the top are in coethcient form, while those on the bottom are
in point-value form. The arrows from left to right correspond 1o the multiplication
operation, The o, terms are complex (22)th roots of unity,

input and output representations are in coefficient form. We assume that

1 is a power of 2; this requirement can always be met by adding high-order

zero coefficients.

V. Double degree-bound: Create coefficient representations of A{x) and
B{x) as degree-bound 2n polynomials by adding # high-order zero ¢o-
efficients to cach,

gk

. Evaluare. Compute poini-value representations of 4{x) and B{x) of
length 2n through two applications of the FFT of order 2n. These
representations contain the vatues of the two polynomials at the (2n)th
roots of unity,

3. Poimtwise mudtiply: Compute a point-value representation for the poly-
nomial Clx} = A(xX)B{x) by multiplying these values together point-
wise. This representation contains the value of C{x} at each (2nith
root of unity,

4. Interpolate: Create the coefficient representation of the polynomial Clx}
through a single application of an FFT on 2»n point-value pairs to com-
pute the mverse DFT.

Steps (11 and (3) take time ©(n), and steps {2} and {4} take tume Sinlgn.
Thus, once we show how to use the FFT, we will have proven the following,

Theorem 32.2

The product of two polynomials of degree-bound » can be computed in
time ©(n Ig 1), with both the input and output representations in coefficient
form. ]
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32.3 Efficient FFT implementations 791

32.2-3
Do Exercise 32.1-1 by using the 8(nIg n)-time scheme.

32.2-4
Write pseudocode to compute DFT; ' in ©(nlgn) time.

32.2-5

Describe the generalization of the FFT procedure to the case in which n
is a power of 3. Give a recurrence for the running time, and solve the
recurrence,

32.2-6 *

Suppose that instead of performing an n-clement FFT over the field of
complex numbers (where n is even), we use the ring Z,, of integers mod-
ulo m, where m = 2**/2 4+ 1 and ¢ is an arbitrary positive integer. Use
w = 2! instead of w, as a principal nth root of unity, modulo m. Prove
that the DFT and the inverse DFT are well defined in this system.

32.2-7

Given a list of values zy, zy,..., z,—; (possibly with repetitions), show how
to find the coefficients of the polynomial P(x) of degree-bound »n that has
zeros only at zy, zy,...,2,—) (possibly with repetitions). Your procedure
should run in time O(n1g? n). (Hint: The polynomial P(x) has a zero at z fi
if and only if P(x) is a multiple of (x — z;).)

32.2-8 *
,.l Sk The chirp transform of a vector a = (ap,ay,...,an—;) is the vector y =
C /00 (Y0, V15-+-»Yn—1), Where y, = 3."-1a;z/Xand z is any complex number.
J=v The DFT is therefore am?»%\orﬂle chirp transform, obtained by

taking z = w,. Prove that the chirp transform can be evaluated in time
O(nlgn) for any complex number z. (Hint: Use the equation

Vi = z"’/z’g (ajzf’ﬂ) (z-(k—f)’/z)

to view the chirp transform as a convolution.)

32.3 Efficient FFT implementations

Since the practical applications of the DFT, such as signal processing,
demand the utmost speed, this section examines two efficient FFT im-
plementations. First, we shall examine an iterative version of the FFT
algorithm that runs in ©(nlgn) time but has a lower constant hidden in
the ©-notation than the recursive implementation in Section 32.2. Then,
we shall use the insights that led us to the iterative implementation to
design an efficient parallel FFT circuit.
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