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since the degree-bound of € is 2n, Theorem 32.1 implies that we need 2n
point-value pairs for a point-value representation of ¢ We must there-
fore begin with “extended” point-value representations for 4 and for B
consisting of 2# point-value pairs each. Given an extended point-value
representation for 4,

{{xo, voXo (X1, 2100 (Xane s Va0 s

and a corresponding extended point-value representation for B,
{{xg, PhL X0 ¥ 0 (N2 Vit I}

then a point-value representation for € s

(X0 o) AL ¥ s oo (X2t Vine 1 ¥y 3}

Given two input polynomials in extended point-value form, we see that the
time to multiply them to obtain the point-vatue form of the result 15 ©(n),
much less than the time required o multiply polynomials in coefficient
form.

Finally, we consider how 10 evaluate a polynomial given in point-value
form at a new point. For this problem, there is apparently no approach
that is simpler than converting the polynomial to coefficient form first, and
then evaluating 1 at the new point.

Fast multiplication of polvisomials incoefficient form

Can we use the linear-time multiplication method for polynomials in point-
value form o expedite polynomial multiplication in coefficient form? The
answer hinges on our ability to convert a polynomial quickly from coeffi-
cient form to point-value form {(evaluate) and vice-versa {interpolate),

We can use any points we want as evaluation points, but by choosing
the evaluation points carefully, we can convert between representations in
only ©{nlgn) time. As we shall sce in Section 32.2, if we choose “complex
roots of unity™ as the evaluation points, we can produce a point-value
representation by taking the Discrete Fourier Transform (or DFT) of a
coefficient vector. The inverse operation, interpolation, can be performed
by taking the “inverse DFT” of point-value pairs, yielding a coefficient
veetor. Section 32.2 will show how the FFT performs the DFT and inverse
DFT operations in S{nlgn) time,

Figure 32.1 shows this strategy graphically. One minor detail congerns
degree-bounds. The product of two polynomials of degree-bound n i a
polynomial of degree-bound 2n. Before evaluating the nput polynomials
A4 and B, therefore, we first double their degree-bounds to 2n by adding n
high-order coefficients of 0. Because the vectors have 2n clements, we use
“complex {2n)th roots of unity,” which are denoted by the ¢y, terms in
Figure 32.1.

Given the FFT, we hiave the following ©{nlg#iaime procedure for mul
tiplying two polynomials A(x) and B{x) of degree-bound n. where the
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oy sy Ordinary multiplication e ¢ . L Coefficient
1'9. Wb, Time O(%) 0T el j{ representations
: ' [ §
Evaluation [nterpolion
Time (n g 0 Tisrse B lg m3
Ala,). Blad) claf,) | ‘;
Ala ), 3(@3 ) Pointwise multiplication o Cle Bl ¢ Pointvalue
Time O . § / representations
i
A(uéﬂ [)‘ B((?J!;” 1) {‘(0)2” 1§‘ J
;

Figure 32.1 A graphical outline of an efficient polynomist-muliiplication process.
Representations on the top are in coethcient form, while those on the bottom are
in point-value form. The arrows from left to right correspond 1o the multiplication
operation, The o, terms are complex (22)th roots of unity,

input and output representations are in coefficient form. We assume that

1 is a power of 2; this requirement can always be met by adding high-order

zero coefficients.

V. Double degree-bound: Create coefficient representations of A{x) and
B{x) as degree-bound 2n polynomials by adding # high-order zero ¢o-
efficients to cach,

gk

. Evaluare. Compute poini-value representations of 4{x) and B{x) of
length 2n through two applications of the FFT of order 2n. These
representations contain the vatues of the two polynomials at the (2n)th
roots of unity,

3. Poimtwise mudtiply: Compute a point-value representation for the poly-
nomial Clx} = A(xX)B{x) by multiplying these values together point-
wise. This representation contains the value of C{x} at each (2nith
root of unity,

4. Interpolate: Create the coefficient representation of the polynomial Clx}
through a single application of an FFT on 2»n point-value pairs to com-
pute the mverse DFT.

Steps (11 and (3) take time ©(n), and steps {2} and {4} take tume Sinlgn.
Thus, once we show how to use the FFT, we will have proven the following,

Theorem 32.2

The product of two polynomials of degree-bound » can be computed in
time ©(n Ig 1), with both the input and output representations in coefficient
form. ]
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Exercises

32.1-1
Multiply the polynomials A(x) = 7x3—x2+x—10 and B(x) = 8x3—6x+3
using equations (32.1) and (32.2).

32.1-2 ‘

Evaluating a polynomial A(x) of degree-bound » at a given point x; can
also be done by dividing A(x) by the polynomial (x — xg) to obtain a
quotient polynomial g(x) of degree-bound # — 1 and a remainder r, such
that

A(x) = g(x)(x —x0) +r.

Clearly, A(xo) = r. Show how to compute the remainder r and the coeffi-
cients of g(x) in time 6(n) from xp and the coefficients of A.

32.1-3
Derive a point-value representation for A™V(x) = 2;:01 an-1-jx’ from a
point-value representation for A(x) = Z;’;O’ ajx/, assuming that none of

the points is 0.

32,1-4

Show how to use equation (32.5) to interpolate in time ©(n?). (Hint: First
compute [];(x — x;) and [];(x; — xi) and then divide by (x — x;) and
(x; = x) as necessary for each term. See Exercise 32.1-2.)

32.1-5

Explain what is wrong with the “obvious” approach to polynomial division
using a point-value representation. Discuss separately the case in which
the division comes out exactly and the case in which it doesn’t.

32.1-6
Consider two sets 4 and B, each having n integers in the range from 0
to 10n. We wish to compute the Cartesian sum of A and B, defined by

C={x+y:xecAandy€ B} .

Note that the integers in 'C are in the range from 0 to 20n. We want to find
the elements of.C and the number of times each element of C is realized
as a sum of elements in 4 and B. Show that the problem can be soived in
O(nlgn) time. (Hint: Represent A and B as polynomials of degree 10n.)

322 The DFT and FFT

In Section 32.1, we claimed that if we use complex roots of unity, we
can evaluate and interpolate in 6(nlgn) time. In this section, we define
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is the principal $th root of unity.

complex roots of unity and study their properties, define the DFT, and then
show how the FET computes the DFT and its inverse in just &{(slgn) ume.

Complex roots of unity

A complex nth root of unity is & complex number @ such that

There are exactly n complex #th roots of unity; these are eI oy K w
0.1,....n — 1. To interpret this formula, we use the definition of the
exponential of a complex number:

e = cos{i) + isin{u) .

Figure 32.2 shows that the » complex roots of unity are equally spaced
around the circle of unit radius centered at the origin of the complex
plane. The value

@, = e~ £32.6)

is called the principal nth root of unity; all of the other complex sth rools
of unity are powers of w,.
The »n complex nth roots of unity,

PR I

form a group under multiplication {se¢ Seetion 33.3). This group has the
same structure as the additive group (Z,,, +) modulo #. since wj, = W o
implies that @, = @)™ = w) . Similarly, ;' = @~ Essential
properties of the complex nth roots of unity are given in the following
fermmas.,



32.2 The DFT and FFT 785

Lemma 32.3 (Cancellation lemma)
For any integersn >0,k > 0,and d > 0,

wik = @k (32.7)

Proof The lemma follows directly from equation (32.6), since
wik = (e2xl/dn)dk
= (eZni/n)k

= wﬁ_ L

Corollary 32.4
For any even integer n > 0,

0V =wy=~1.

Proof The proof is left as Exercise 32.2-1. m

Lemma 32.5 (Halving lemma)
If n > 0 is even, then the squares of the n complex nth roots of unity are
the n/2 complex (n/2)th roots of unity.

Proof By the cancellation lemma, we have (wX)? = wn ,, for any non-
negative integer k. Note that if we square all of the complex nth roots of
unity, then each (n/2)th root of unity is obtained exactly twice, since

( wk+n/2)2 = w'2'k+n

w2k wn

w?*

(k)2 .

Thus, wX and wk“'/ 2 have the same square. This property can also be
proved using Corollary 32.4, since w/? = —1 implies w**"/? = —-wk, and
thus (wk*"/?)2 = (wk)2. u

As we shall see, the halving lemma is essential to our divide-and-conquer
approach for converting between coefficient and point-value representa-
tions of polynomials, since it guarantees that the recursive subproblems
are only half as large,
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Lemma 32.6 (Summation lemma)
For any integer n > 1 and nonnegative integer kK not divisible by n,

s~} .
S: (wﬁ)" =0,
;=0

Proof Because equation (3.3) applies to complex values,

g %
' (i 1
b (0fy = T
it @k ~ 1
IRt
Tkl
-
wk — 1
w 0.
Requiring that k not be divisible by n ensures that the denominator is
not 0, since ¥ = 1 only when k is divisible by n. "
The DFT

Recall that we wish to evaluate a polynomial
n~-1

Alx)y =3 ax
e

of degree-bound n at @, ok, w?,... ef"" (thatis, at the # complex nth
roots of unity).? Without loss of generality, we assume that # is a power
of 2, since a given degree-bound can always be raised—we can always add
new high-order zero coefficients as necessary. We assume that A is given
in coefficient form: @ = (0. G1,-- -, An-1)- Let us define the results yi. for
k=01,...,n—1Dby

v o= AW
e} )
= S aw . {
=0

The vector ¥ = (Yo, ¥1y.-++ Yn-1) is the Discrete Fourier Transform {(DFT)
of the coefficient vector ¢ = {dp. 4y, .. -, dn~ (). We also write y = DFT,ian

Lad
j
e

2The length # is actually what we referred to as 2n in Section 320, siac0 we double the
degree-bound of the given polynomials prior 1o evalgation. In the context of polynomia
multiplication, therefore, we are actually working with complex 2s13th roots of unity.



22.2 The DFT and FFT 787

The FFT

By using & method known as the Fast Fourier Transform (FFT ), which takes
advantage of the special properties of the complex roots of unity, we can
compute DFT,{(4) in time 8{nlgn), as opposed to the &(#%) time of the
straightforward method.

The FFT method employs a divide-and-conquer strategy, using the even-
index and odd-index coeflicients of 4{x) separately 1o define the two new
degree-bound n/2 polynomials 4N x) and 4% (x):

A x) m ap+ apx F@ax? b g™
Ai-”(x} R PR T o asxz Ao es «&-a,wx”fz"‘ )

Note that A% contains all the even-index coefficients of A (the binary
representation of the index ends in 0) and 4™ contains all the odd-index
coefficients {the binary representation of the index ends in 1), It follows
that

Alx) = Ay 4 x A2y, (32.9

so that the problem of evaluating 4(x} at ¥, w). .. .. ot reduces 10

1. evaluating the degree-bound #/2 polynomials 49 x) and A5y} at the
points

@2 (W), ..., (™), (32.10)
and then
2. combining the results according to equation (32.9).

By the halving lemma, the tist of values {(32.10) consists not of # distinet
values but only-of the n/2 complex {n/2)th roots of unity, with cach root
occurring exactly twice, Therefore, the polynomials 4% and A of degree-
bound n/2 are recursively evaluated at the n/2 complex (#/2)th roots
of unity. These subproblems have exactly the same form #5 the original
problem, but are half the size. We have now successfully divided an n-
element DFT, computation into two n/2-element DFT . » computations,
This decomposition is the basis for the following recursive FFT algorithm,
which computes the DFT of an neglement vector a = {an. @i, ... . %10
where n 18 a power of 2.
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precedure DU T_vecuraive Lu,: \‘u,&f%e,; NN Ay ka \rex/'ﬁ.*(:)
RECURSIVE-FFT(a)

1 n« lengthia] > n is a power of 2.

2 ifn=1

3 then return a

4 w, — ez"i/" .

5 w1

6 a « (ag,a,...,an-2)

7 all = (a1,a3,...,8n-1 I

8 O g(ncunswn-FFlz(al"l) DET (v dvr 2, O\on > e
9 yil — RecursIVEFFT(@!) OF7 ( -v- ya~ ~

10 fork—O0ton/2—1 i !

11 do yi — Y+ wyl!

12 Vi+n/2) & yo - wy!

13 W — OWy

14 return y > y is assumed to be column vector.

The Recursive-FFT procedure works as follows. Lines 2-3 represent
the basis of the recursion; the DFT of one element is the element itself,
since in this case
Yo = aoe)

ap .

Lines 6-7 define the coefficient vectors for the polynomials A and A,
Lines 4, 5, and 13 guarantee that w is updated properly so that whenever
lines 11-12 are executed, @ = wk. (Keeping a running value of w from
iteration to iteration saves time over computing wk from scratch each time
through the for loop.) Lines 8-9 perform the recursive DFT,,, computa-
tions, setting, for k =0,1,...,n/2—-1,

W= A%y,

o= Ak,

or, since @}, = w3 by the cancellation lemma,

= A%,
W = A
Lines 11-12 combine the results of the recursive DFT,/2 calculations. For
Y0s Y15« - - » VYnj2—1, line 11 yields
v = ¥+
A w) + kA )
= Alh),
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where the last line of this argument follows from equation (32.9). For
Yn/2sYnj2415+ -+ » Va1, letting k =0, 1,...,n/2— 1, line 12 yields

Yirnp2) = }'}‘ol —wf,}’,[c”
k+(n/2
= Y4 @Oy

ACY) + a4 (k)
- A(O](wﬁki-n) +wﬁ+(”/2)A[”(w,2,"+”)
= Aty

The second line follows from the first since wﬁ*"'/ D= —wk. The fourth
line follows from the third because w” = 1 implies w2 = wZ*". The
last line follows from equation (32.9). Thus, the vector y returned by
REecURsIVE-FFT is indeed the DFT of the input vector a.

To determine the running time of procedure RECURSIVE-FFT, we note
that exclusive of the recursive calls, each invocation takes time ©(n), where
n is the length of the input vector. The recurrence for the running time is
therefore

T(n) = 2T(n/2)+O(n)
= O(nlgn).

Thus, we can evaluate a polynomial of degree-bound 7 at the complex nth
roots of unity in time ©(nlgn) using the Fast Fourier Transform.

Interpolation at the complex roots of unity

We now complete the polynomial multiplication scheme by showing how
to interpolate the complex roots of unity by a polynomial, which enables us
to convert from point-value form back to coefficient form. We interpolate
by writing the DFT as a matrix equation and then looking at the form of
the matrix inverse.

From equation (32.4), we can write the DFT as the matrix product
y = V,a, where ¥, is a Vandermonde matrix containing the appropriate
powers of w,:

Yo [1 1 12 13 1 ‘ a
Vi 1 wn w;y AR (/) a
| |1 @b e e e e @
»3 1 o of @ - o™ a
Vn—1 \ 1 w:_l w%(n—l) wi(n—l) . .l. wsln—l)(n—l) an-1

The (k, j) entry of ¥, is @¥/, for j,k =0,1,...,n — 1, and the exponents
of the entries of ¥, form a multiplication table.

For the inverse operation, which we write as a = DFT; ! (y), we proceed
by multiplying y by the matrix ¥,~!, the inverse of V.
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Theorem 32.7 ,
For jk =0,1,...,n~ 1, the (kY entry of ¥, ! is ;" /n.

Proof Weshow that V"'V, = [, the n x n identity matrix. Consider the
(i entry of V0¥,

#

#ed
> tw inywh)

£
o) .

- Zwﬁf} “”!)/n .
foadd

This summation equals L i = 7, and it is 0 otherwise by the summation
lemma (Lemma 32.6).. Note that we rely on ~{(n ~ {1} < f/~ j < n =1,
so-that § -4 is not divisible by #, in order-for the summation lemma o
apply. "

Wl

3

Given the inverse matrix ¥, we have that DFT, (1) is given by
1 fge
a; =~ 3wy 3210
P )]

for j = 0,1,... .0« 1. By comparing equations {32.8) and {32.11), we
see that by modifying the FFT algorithm to switch the roles of ¢ and .y,
replace w, by w), and divide each element of the result by »n, we compute
the inverse DFT (see Exercise 32.2-4). Thus, DFT; ' can be computed in
B(nlgn) time as well

Thus, by using the FFU and the inverse FFT, we ¢an transform a poly-
nomial of degree-bound » back and forth betweern its coefficient represen:
tation and a-pointevalue representation in time &inlgs) In the context
of polynomial muliiphication, we have shown the following.

Theorem 32.8 (Convolution theorem)
For any two vectors a-and b of length #, where n is 1 power of 2,

a® b = DFT;, (DFTy,(a) - DF Ty, (b)) ,

where the vectors ¢ and & are padded with U's to length 2a and - denotes
the componentwise product of two 2n-element vectors. n

Exercises

32.2-1
Prove Corollary 32.4.

32.2-2
Compute the DFT of the vector (0, 1,2, 3.
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32.2-3
Do Exercise 32.1-1 by using the 8(nIg n)-time scheme.

32.2-4
Write pseudocode to compute DFT; ' in ©(nlgn) time.

32.2-5

Describe the generalization of the FFT procedure to the case in which n
is a power of 3. Give a recurrence for the running time, and solve the
recurrence,

32.2-6 *

Suppose that instead of performing an n-clement FFT over the field of
complex numbers (where n is even), we use the ring Z,, of integers mod-
ulo m, where m = 2**/2 4+ 1 and ¢ is an arbitrary positive integer. Use
w = 2! instead of w, as a principal nth root of unity, modulo m. Prove
that the DFT and the inverse DFT are well defined in this system.

32.2-7

Given a list of values zy, zy,..., z,—; (possibly with repetitions), show how
to find the coefficients of the polynomial P(x) of degree-bound »n that has
zeros only at zy, zy,...,2,—) (possibly with repetitions). Your procedure
should run in time O(n1g? n). (Hint: The polynomial P(x) has a zero at z fi
if and only if P(x) is a multiple of (x — z;).)

32.2-8 *
,.l Sk The chirp transform of a vector a = (ap,ay,...,an—;) is the vector y =
C /00 (Y0, V15-+-»Yn—1), Where y, = 3."-1a;z/Xand z is any complex number.
J=v The DFT is therefore am?»%\orﬂle chirp transform, obtained by

taking z = w,. Prove that the chirp transform can be evaluated in time
O(nlgn) for any complex number z. (Hint: Use the equation

Vi = z"’/z’g (ajzf’ﬂ) (z-(k—f)’/z)

to view the chirp transform as a convolution.)

32.3 Efficient FFT implementations

Since the practical applications of the DFT, such as signal processing,
demand the utmost speed, this section examines two efficient FFT im-
plementations. First, we shall examine an iterative version of the FFT
algorithm that runs in ©(nlgn) time but has a lower constant hidden in
the ©-notation than the recursive implementation in Section 32.2. Then,
we shall use the insights that led us to the iterative implementation to
design an efficient parallel FFT circuit.
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Chapter 32 Polynomialy and the FET
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Figure 323 A butterfly operation: The two-input values enter from the Ieft, o is
multiplied by yi'!, and the sum and difference are output on the right. The figure
can be interpreted as a combinational cireudt,
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Figure 324 The tree of input vectors 1o the recursive calls of the Recursve-FRY
procedure. The inttial favocation is for =8,

An iterative FFT implementation

We first note that the for loop of lines 10~13 of RECURSIVE-FET involves
computing the value o y{.” twice. In compiler terminology, this value is
known as a common subexpression. We can change the loop to compute it
only once, storing it in a temporary variable ¢,

fork «- Qtonj2~1
do f @ yw
Vi o yi EY
Freainizy v }’?i -t
3 R 0 Uy

The operation in this loop. multiplying e {which is equal to ) by v,
storing the product into 1, and adding and subtracting 7 from »/".. is known
as a butterfly operation and is shown schematically in Figure 32.3.

We now show how to make the FFT algorithm iterative rather than re-
cursive in structure. In Figure 32.4, we have arranged the input vectors
10 the recursive calls in an invocation of Recursive-FFT in a tree struge
ture, where the initial call is for 2 = 8. The tree has one node for each
call of the procedure, labeled by the corvesponding input vector. Each
Recurstve-FFT invocation makes two recursive calls, unless it has ree
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ceived a 1-element vector. We make the first call the left child and the
second call the right child.

Looking at the tree, we observe that if we could arrange the elements of
the initial vector a into the order in which they appear in the leaves, we
could mimic the execution of the RECURSIVE-FFT procedure as follows.
First, we take the elements in pairs, compute the DFT of each pair using
one butterfly operation, and replace the pair with its DFT. The vector
then holds n/2 2-element DFT’s. Next, we take these #/2 DFT’s in pairs
and compute the DFT of the four vector elements they come from by
executing two butterfly operations, replacing two 2-element DFT’s with
one 4-clement DFT. The vector then holds n/4 4-element DFT’s. We
continue in this manner until the vector holds two (n/2)-element DFT’s,
which we can combine using 7/2 butterfly operations into the final n-
element DFT.

To turn this observation into code, we use an array A[0..n — 1] that
initially holds the elements of the input vector g in the order in which they
appear in the leaves of the tree of Figure 32.4. (We shall show later how to
determine this order.) Because the combining has to be done on each level
of the tree, we introduce a variable s to count the levels, ranging from 1 (at
the bottom, when we are combining pairs to form 2-element DFT’s) to Ig»
(at the top, when we are combining two (n/2)-element DFT’s to produce
the final result). The algorithm therefore has the following structure:

1 fors—1tolgn

2 do fork —Oton—1by?2s

3 do combine the two 2°~!-element DFT’s in
Alk. .k +25-1 — 1] and 4[k + 2°-1 ..k + 25— 1]
into one 2°-element DFT in A[k..k + 25 — 1]

We can express the body of the loop (line 3) as more precise pseudocode.
We copy the for loop from the RECURSIVE-FFT procedure, identifying y!®
with A[k..k + 25! — 1] and y!!) with A[k + 2°~!..k + 25 — 1]. The value
of w used in each butterfly operation depends on the value of s; we use
Wm, Wwhere m = 2°, (We introduce the variable m solely for the sake of
readability.) We introduce another temporary variable # that allows us to
perform the butterfly operation in place. When we replace line 3 of the
overall structure by the loop body, we get the following pseudocode, which
forms the basis of our final iterative FFT algorithm as well as the parallel
implementation we shall present later.
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FFT-Basg(a)
1 n « length[a) B n is a power of 2.
2 fors—1tolgn
3 do me 25
4 Wy — e2Rilm
5 fork—Oton—1bym
6 dowe1
7 forj—0tom/2—-1
8 do t — wAlk + j+m/2]
9 u — Alk + j)
10 Alk+jl—u+1t
11 Alk+j+m/2)l —u—t
12 W~ WOy

We now present the final version of our iterative FFT code, which inverts
the two inner loops to eliminate some index computation and uses the
auxiliary procedure BiT-REVERSE-COPY(a, A) to copy vector a into array 4
in the initial order in which we need the values.

ITERATIVE-FFT(a)
1 BiT-REVERsE-COPY(a, 4)

2 n <+ length[a) > n is a power of 2.
3 fors—1tolgn

4 dome2°

5 WO ‘_eri/m

6 w—1"

7 for j—Otom/2-1

8 dofork—jton—-1bym

9 do t — wAlk +m/2]
10 u +— Alk]

11 Akl —u+1t

12 Ak +m/2) —u—t
13 W — DWWy

14 retun A

How does BIT-REVERSE-COPY get the elements of the input vector a into
the desired order in the array A? The order in which the leaves appear in
Figure -32.4 is “bit-reverse binary.” That is, if we let rev(k) be the Ign-
bit integer formed by reversing the bits of the binary representation of k,
then we want to place vector element g, in array position A[rev(k)]. In
Figure 32.4, for example, the leaves appear in the order 0,4,2,6,1,5,3,7;
this sequence in binary is 000, 100,010, 110,001, 101,011, 111, and in bit-
reverse binary we get the sequence 000,001,010,011,100,101,110,111.
To see that we want bit-reverse binary order in general, we note that at the
top level of the tree, indices whose low-order bit is 0 are placed in the left
subtree and indices whose low-order bit is 1 are placed in the right subtree.
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Stripping off the low-order bit at each level, we continue this process down
the tree, until we get the bit-reverse binary order at the leaves.

Since the function rev(k) is easily computed, the BIT-REVERsE-COPY
procedure can be written as follows.

BIT-REVERSE-COPY(a, 4)

1 n « lengthla)
2 fork—Oton—1
3 do A[rev(k)] — ay

The iterative FFT implementation runs in time ©(nlgn). The call to
BiT-REVERSE-COPY(a, A) certainly runs in O(nlgn) time, since we iterate
n times and can reverse an integer between 0 and n — 1, with lgn bits,
in O(lgn) time. (In practice, we usually know the initial value of # in
advance, so we would probably code a table mapping k to rev(k), making
BIT-REVERSE-COPY run in ©(n) time with a low hidden constant. Alter-
natively, we could use the clever amortized reverse binary counter scheme
described in Problem 18-1.) To complete the proof that ITERATIVE-FFT
runs in time ©(nlgn), we show that L(n), the number of times the body
of the innermost loop (lines 9-12) is executed, is O(nlgn). We have

Ign 2511

n
Lin) = Y > %
s=1 j=0
ign
n -
= EE:E?'ZS 1
s=1
_ 3n
s=|2
= O(nlgn).
A parallel FFT circuit

We can exploit many of the properties that allowed us to implement an
efficient iterative FFT algorithm to produce an efficient parallel algorithm
for the FFT. (See Chapter 29 for a description of the combinational-circuit
model.) The combinational circuit PARALLEL-FFT that computes the FFT
on n inputs is shown in Figure 32.5 for n = 8. The circuit begins with a
bit-reverse permutation of the inputs, followed by lgn stages, each stage
consisting of 7n/2 butterflies executed in parallel. The depth of the circuit
is therefore G(lgn).

The leftmost part of the circuit PARALLEL-FFT performs the bit-reverse
permutation, and the remainder mimics the iterative FFT-BASE proce-
dure. We take advantage of the fact that each iteration of the outermost
for loop performs n/2 independent butterfly operations that can be per-
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Figure 32.5 A combinational circuit PARALLEL-FFT that computes the FFT, here
shown on n = 8 inputs. The stages of butterflics are labeled to correspond to
iterations of the outermost loop of the FFT-BASE procedure. An FFT on » inputs
can be computed in G(lg n) depth with 6(nlgn) combinational elements.

formed in parallel. The value of s in each iteration within FFT-BASE
corresponds to a stage of butterflies shown in Figure 32.5. Within stage s,
fors=1,2,...,lgn, there are n/2* groups of butterflies (corresponding to
each value of k in FFT-BAsE), with 2°~! butterflies per group (correspond-
ing to each value of j in FFT-BASE). The butterflies shown in Figure 32.5
correspond to the butterfly operations of the innermost loop (lines 8-11
of FFT-Basg). Note also that the values of w used in the butterflies corre-
spond to those used in FFT-BASE: in stage s, we use %, wl,,...,of*"",
where m = 2°,

Exercises

32.3-1
Show how ITERATIVE-FFT computes the DFT of the input vector (0,2, 3,
-1,4,5,7,9).

32.3-2

Show how to implement an FFT algorithm with the bit-reversal permuta-
tion occurring at the end, rather than at the beginning, of the computation.
(Hint: Consider the inverse DFT.)
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32.3-3

To compute DFT,, how many addition, subtraction, and multiplication
elements, and how many wires, are needed in the PARALLEL-FFT circuit
described in this section? (Assume that only one wire is needed to carry a
number from one place to another.)

32.3-4 x

Supposé that the adders in the FFT circuit sometimes fail in such a man-
ner that they always produce a zero output, independent of their inputs.
Suppose that exactly one adder has failed, but that you don’t know which
one. Describe how you can identify the failed adder by supplying inputs
to the overall FFT circuit and observing the outputs. Try to make your
procedure efficient.

Problems

32-1 Divide-and-conquer multiplication

a. Show how to multiply two linear polynomials ax + b and cx + d using
only three multiplications. (Hint: One of the multiplications is (a+b):
(c+d).)

b. Give two divide-and-conquer algorithms for multiplying two polyno-
mials of degree-bound n that run in time ©(n'83). The first algorithm
should divide the input polynomial coefficients into a high half and a
low half, and the second algorithm should divide them according to
whether their index is odd or even.

¢. Show that two n-bit integers can be multiplied in O(n'83) steps, where
each step operates on at most a constant number of 1-bit values.

32-2 Toeplitz matrices
A Toeplitz matrix is an n x n matrix 4 = (a;;) such that a;; = a;_,,j— for
i=23,...,nand j=2,3,...,n.

a. Is the sum of two Toeplitz matrices necessarily Toeplitz? What about
the product?

b. Describe how to represent a Toeplitz matrix so that two n x n Toeplitz
matrices can be added in O(n) time.

¢. Give an O(nlgn)-time algorithm for multiplying an n x n Toeplitz ma-
trix by a vector of length n. Use your representation from part (b).

d. Give an efficient algorithm for multiplying two n x n Toeplitz matrices.
Analyze its running time.
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32

Polynomials and the FFT

The straightforward method of adding two polynomials of degree n takes
©(n) time, but the straightforward method of multiplying them takes 6(r?)
time. In this chapter, we shall show how the Fast Fourier Transform, or
FFT, can reduce the time to multiply polynomials to 8(nlgn).

Polynomials

A polynomial in the variable x over an algebraic field F is a function 4(x)
that can be represented as follows:

n—1

A(x) = Za,-xf .

j=0

We call n the degree-bound of the polynomial, and we call the values
ao,ai,...,an—1 the coefficients of the polynomial. The coefficients are
drawn from the field F, typically the set C of complex numbers. A poly-
nomial 4(x) is said to have degree k if its highest nonzero coefficient is 4.
The degree of a polynomial of degree-bound # can be any integer between
0 and n—1, inclusive. Conversely, a polynomial of degree k is a polynomial
of degree-bound n for any n > k.

There are a variety of operations we might wish to define for polynomi-
als. For polynomial addition, if A(x) and B(x) are polynomials of degree-
bound n, we say that their sum is a polynomial C(x), also of degree-
bound n, such that C(x) = A(x) + B(x) for all x in the underlying field.
That is, if

n—1
Ax) =) ajx/

j=0
and
n-1 )
B (x ) = z b,-xf ’
j=0
then
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n—1
Cx)=) ¢x/,
=0

where ¢; = a; + b; for j = 0,1,...,n — 1. For example, if A(x) = 6x +
7x%—10x +9 and B(x) = —2x3 +4x -5, then C(x) = 4x3 4 Tx2 — 6x + 4.
For polynomial multiplication, if A(x) and B(x) are polynomials of deg-
ree-bound n, we say that their product C(x) is a polynomial of degree-
bound 2a — 1 such that C(x) = A(x)B(x) for all x in the underlying field.
You have probably multiplied polynomials before, by multiplying each
term in A(x) by each term in B(x) and combining terms with equal powers.
For example, we can multiply A(x) = 6x3 + 7x2 — 10x + 9 and B(x) =
—2x3 4 4x — 5 as follows: :

6x3 + Tx2-10x + 9

- 2x3 + 4x - §

- 30x3 - 35x% + 50x — 45

24x% + 28x3 — 40x2 + 36x
— 12x% — 14x5 + 20x* — 18x3

— 12x% — 14x° + 44x* — 20x3 — 75x% + 86x — 45
Another way to express the product C(x) is

2n-2 i
Clx)= Y ex’, (32.1)
j=0
where
j
cj=Y akbj_i . - (32.2)
k=0

Note that degree(C) = degree(A) + degree(B), implying

degreé-bound(C) = degree-bound(4) + degree-bound(B) ~ 1
< degree-bound(A4) + degree-bound(B) .

We shall nevertheless speak of the degree-bound of C as being the sum of
the degree-bounds of 4 and B, since if a polynomial has degree-bound k
it also has degree-bound k + 1.

Chapter outline

Section 32.1 presents two ways to represent polynomials: the coefficient
representation and the point-value representation. The straightforward
methods for multiplying polynomials—equations (32.1) and (32.2)—take
6(n?) time when the polynomials are represented in coefficient form, but
only ©(n) time when they are represented in point-value form. We can,
however, multiply polynomials using the coefficient representation in only
©(nlgn) time by converting between the two representations. To see why
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this works, we must first study complex roots of unity, which we do i
Section 32.2. Then, we use the FFT and its inverse, also described in
Section 32.2, to perform the conversions. Section 32.3 shows how 1o ime
plement the FFT quickly in both serial and parallel models.

This chapter uses complex numbers extensively, and the symbol ¢ will
be used exclusively 1o denote v/ 1.

32.1 Representation of polynomials

The coefficient and point-value representations of polynomials are i 2
sense equivalent; that is, a polynomial in point-value form has a unigqut
counterpart in coefficient form. In this section. we introduce the two repe
resentations and show how they can be combined to allow multiplication
of two degree-bound » polynomials in ©(nlgn) time.

Coeflicient representation
A coefficient representation of a polynomial Aix} = Y, @ of degrees
bound 7 is a vector of coefficients ¢ = (do, d.... @) In matrix equa-
tions in this chapter, we shall gencrally treat vectors as column vectors.
The coefficient representation is convenient for certain operations on
polynomials. For example, the operation of evaluating the polynomial
A{x) at a given point xg consists of computing the value of A{xy). Evaly
ation takes time ©(n) using Horner’s rule.

[

Alxg) = @y + Xoldy + Xolay + -+ Xolady o+ Xoldyy)) )

Similarly, adding two polynomials represented by the cocfficient veoton
a = (ag, @y dy-1) and b = (bu, by, ... b, ) takes O(n) ume: we ust
output the coefficient vector ¢ = {¢o. o000 w1 ), where ¢, = a, + b, for
J=0,4,..,n— L

Now, consider the multiplication of two degree-bound 2 polyaomials
A(x) and B(x) represented in coeflicient form. If we use the method de
scribed by equations {32.1) and (32.2). polynomial multiplication takes
time ©(n?), since cach coefficient in the vector a must e multiplied by
each coefficient in the vector 5. The operation of multiplying polynomials
in coefficient form seems to be considerably more difficult than thai of
evaluating a polynomial or adding two polynomials. The resulting coeffie
cient vector ¢, given by equation (32.2), is also called the convolution of
the input vectors a and b, denoted ¢ = a« b, Since multiplying polynomi-
als and computing convolutions are fundamental computational problems
of considerable practical importance. this chapter concentrates on efficient
algorithms for them.
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Point-value representation

A point-value representation of a polynomial A(x) of degree-bound n is a
set of n point-value pairs

{(x0$y0)’ (X],yl), LR (xn—l:yn—l)}
such that all of the x; are distinct and

Yie = A(x) (32.3)

fork =0,1,...,n — 1. A polynomial has many different point-value rep-
resentations, since any set of n distinct points xg, X, . .., Xn—1 can be used
as a basis for the representation.

Computing a point-value representation for a polynomial given in co-
efficient form is in principle straightforward, since all we have to do is
select n distinct points xg, X1,...,X,—1 and then evaluate A(x,) for k =
0,1,...,n — 1. With Horner’s method, this n-point evaluation takes time
©(n?). We shall see later that if we choose the x; cleverly, this computation
can be accelerated to run in time ©(nlgn).

The inverse of evaluation—determining the coefficient form of a poly-
nomial from a point-value representation—is called imterpolation. The
following theorem shows that interpolation is well defined, assuming that
the degree-bound of the interpolating polynomial equals the number of
given point-value pairs.

Theorem 32.1 (Uniqueness of an interpolating polynomial)

For any set {(x0,¥0), (X1,¥1)s- - - » (Xn—1, Yn—1)} of n point-value pairs, there
is a unique polynomial A(x) of degree-bound n such that y; = A(xy) for
k=0,1,...,n—- L

Proof The proof is based on the existence of the inverse of a certain

matrix. Equation (32.3) is equivalent to the matrix equation S
A -
1 x x} - x5 a0 { o
1 x x2 ... xrl a )
A, ! =l (32.4)
: : ; S | : :
1 xn—l xn_l M Xn_l an—l yn-—l

The matrix on the left is denoted V(xo,X15-..,Xn—1) and is known as a
Vandermonde matrix. By Exercise 31.1-10, this matrix has determinant

[T — x5
Jj<k . .
and therefore, by Theorem 31.5, it is invertible (that is, nonsingular) if the

X, are distinct. Thus, the coefficients a; can be solved for uniquely given
the point-value representation:

a=V(xo,X15-..sXn-1)"'¥ . "
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The proof of Theorem 32.1 describes an algorithm for interpolation
based on solving the set (32.4) of linear equations. Using the LU decom-
position algorithms of Chapter 31, we can solve these equations in time
on3). :

A faster algorithm for n-point interpolation is based on Lagrange’s for-

mula:
- [IGx-x5)
Alx) = L SR 32,5
(x) Z%ykn(xk_xj) (323)
j#k

You may wish to verify that the right-hand side of equation (32.5) isa
polynomial of degree-bound n that satisfies 4(x;) = y« for all k. Exer-
cise 32.1-4 asks you how to compute the coefficients of 4 using Lagrange’s
formula in time ©(n?).

Thus, n-point evaluation and interpolation are well-defined inverse op-
erations that transform between the coefficient representation of a polyno-
mial and a point-value representation.! The algorithms described above
for these problems take time 6(n?). )

The point-value representation is quite convenient for many operations
on polynomials. For addition, if C(x) = A(x) + B(x), then Clxy) =
A(x) + B(x;) for any point x;. More precisely, if we have a point-value
representation for 4,

{(%0,¥0)s (X1, $1); - - 0 » (Xn=1,Yn-1)} »
and for B,

{(x09y6)1 (xl’y;)x reey (xn—l,)’;;-l)}

(note that 4 and B are evaluated at the same n points), then a point-value
representation for C is

{(X0 Y0 + Y8)s (X171 + V1)s- o5 (X1, Y1 + Y1)} «

The time to add two polynomials of degree-bound # in point-value form
is thus ©(n).

Similarly, the point-value representation is convenient for multiplying
polynomials. If C(x) = A(x)B(x), then C(xx) = A(x;)B(xy) for any
point x;, and we can pointwise multiply a point-value representation for 4
by a point-value representation for B to obtain a point-value representa-

tion for C. We must face the problem, however, that the degree-bound

of C is the sum of the degree-bounds for A and B. A standard point-value
representation for 4 and B consists of n point-value pairs for each poly-
nomial. Multiplying these together gives us n point-value pairs for C, but

Hnterpolation-is a notoriously tricky problem from the point of view of numerical stability.
Although the approaches described here are mathematically correct, small differences in the
inputs or round-off errors during computation can cause large differences in the result.
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